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Substitution Model

® What is the substitution model?
— Reasoning about programs
® What is the idea behind it?

— Certain expressions are irreducible.
— Computation continues until we cannot proceed further, i.e. we
get something that is irreducible.
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Substitution Model

® What is the substitution model?
— Reasoning about programs
® What is the idea behind it?
— Certain expressions are irreducible.
— Computation continues until we cannot proceed further, i.e. we
get something that is irreducible.
— By performing repeated reductions, we can simplify and find the
result of any given statement.
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Applicative Order Reduction

What does this do?
12345 % math_pow (10, math_floor (math_log10(12345)));
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Applicative Order Reduction

What does this do?
12345 % math_pow (10, math_floor (math_log10(12345)));

Let's try:
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What does this do?
12345 % math_pow (10, math_floor (math_log10(12345)));

Let's try:

® 12345 % math_pow(10, math_floor(math_logl0(12345)));
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Applicative Order Reduction

What does this do?
12345 % math_pow (10, math_floor (math_log10(12345)));

Let's try:

® 12345 % math_pow(10, math_floor(math_logl0(12345)));

® 12345 % math_pow(10, math_floor(4.09...));
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Applicative Order Reduction

What does this do?

12345 % math_pow (10, math_floor (math_log10(12345)));

Let's try:

® 12345 % math_pow(10, math_floor(math_logl0(12345)));
® 12345 % math_pow(10, math_floor(4.09...));
® 12345 %, math_pow(10, 4);
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Applicative Order Reduction

What does this do?

12345 % math_pow (10, math_floor (math_log10(12345)));

Let's try:

® 12345 % math_pow(10, math_floor(math_logl0(12345)));
® 12345 % math_pow(10, math_floor(4.09...));

® 12345 %, math_pow(10, 4);

® 12345 % 10000;
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Preliminaries

Recursion Substitution Model
Complexity Applicative Order Reduction
Questions

Applicative Order Reduction

What does this do?

12345 % math_pow (10, math_floor (math_log10(12345)));

Let's try:

® 12345 % math_pow(10, math_floor(math_logl0(12345)));
® 12345 % math_pow(10, math_floor(4.09...));

® 12345 %, math_pow(10, 4);

® 12345 % 10000;

® 2345;
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Normal Order Reduction

What does this do?

function sq(x) { return x * x };

function dist(x, y) { return math_sqrt(sq(x) + sq(y)) };
dist(1 + 5, 2 * 10);

Jia Xiaodong Function evaluation, recursion and complexity



Preliminaries

Recursion Substitution Model
Complexity Applicative Order Reduction
Questions

Normal Order Reduction

What does this do?

function sq(x) { return x * x };
function dist(x, y) { return math_sqrt(sq(x) + sq(y)) };
dist(1 + 5, 2 * 10);

Let's try:

Jia Xiaodong Function evaluation, recursion and complexity



Preliminaries

Recursion Substitution Model
Complexity Applicative Order Reduction
Questions

Normal Order Reduction

What does this do?

function sq(x) { return x * x };
function dist(x, y) { return math_sqrt(sq(x) + sq(y)) };
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® dist(1 + 5, 2 * 10);

Jia Xiaodong Function evaluation, recursion and complexity



Preliminaries

Recursion Substitution Model
Complexity Applicative Order Reduction
Questions

Normal Order Reduction

What does this do?

function sq(x) { return x * x };
function dist(x, y) { return math_sqrt(sq(x) + sq(y)) };
dist(1 + 5, 2 * 10);

Let's try:

® dist(1 + 5, 2 * 10);

® math_sqrt(sq(l + 5) + sq(2 * 10))
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Normal Order Reduction

What does this do?

function sq(x) { return x * x };
function dist(x, y) { return math_sqrt(sq(x) + sq(y)) I};
dist(1 + 5, 2 * 10);

Let's try:

® dist(1 + 5, 2 x 10);
® math_sqrt(sq(l + 5) + sq(2 * 10))

® math_sqrt((1 + 5) * (1 + 5) + (2 * 10) * (2 * 10))
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What does this do?

function sq(x) { return x * x };
function dist(x, y) { return math_sqrt(sq(x) + sq(y)) I};
dist(1 + 5, 2 * 10);

Let's try:

® dist(1 + 5, 2 x 10);
® math_sqrt(sq(l + 5) + sq(2 * 10))
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Normal Order Reduction

What does this do?

function sq(x) { return x * x };
function dist(x, y) { return math_sqrt(sq(x) + sq(y)) I};
dist(1 + 5, 2 * 10);

Let's try:

® dist(1 + 5, 2 * 10);

® math_sqrt(sq(l + 5) + sq(2 * 10))

® math_sqrt((1 + 5) * (1 + 5) + (2 * 10) * (2 * 10))
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Normal Order Reduction

What does this do?

function sq(x) { return x * x };
function dist(x, y) { return math_sqrt(sq(x) + sq(y)) I};
dist(1 + 5, 2 * 10);

Let's try:

® dist(1 + 5, 2 * 10);

® math_sqrt(sq(l + 5) + sq(2 * 10))

® math_sqrt((1 + 5) * (1 + 5) + (2 * 10) * (2 * 10))
® math_sqrt((6) * (1 + 5) + (2 * 10) * (2 * 10))

® math_sqrt((6) * (6) + (2 * 10) * (2 * 10))

® etc.
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Exercise

function p() {
return p();

3

function test(x, y) {
return x === 0 7 0 : y;

}

test (0, pO);

What does this evaluate to?
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Introduction

Recursion

From Wikipedia:

Recursion (adjective: recursive) occurs when a thing is defined in
terms of itself or of its type.
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Introduction

Recursion

From Wikipedia:

Recursion (adjective: recursive) occurs when a thing is defined in
terms of itself or of its type.

This gives rise to a way of solving certain problems. Certain
problems exhibit the property of optimal substructure. This means
that the method to solve a large problem is by breaking it up and
solving the smaller sub-problems. Then you piece it back together.
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Introduction

Recursion

® Things we need:
— The base case, or the trivial case.
— A relationship between the large problem and the smaller sub
problems.

Ex: Listing out N

so=0 s,=8,1+1
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Introduction

Recursion

® Things we need:

— The base case, or the trivial case.
— A relationship between the large problem and the smaller sub
problems.

Ex: Listing out N

so=0 s,=8,1+1

| \

h=1FK=1 F,=F,_1+F,

A
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* Why do we care?
— We need an abstract way to talk about resources consumed.
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Time and Space Complexities

® Why do we care?

— We need an abstract way to talk about resources consumed.
— We do not want to care about worldly problems like
programming languages, computer architecture, CPU speed, etc.
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Time and Space Complexities

® Why do we care?

— We need an abstract way to talk about resources consumed.

— We do not want to care about worldly problems like
programming languages, computer architecture, CPU speed, etc.

— We want to know how input affects it.

Jia Xiaodong Function evaluation, recursion and complexity



® Some abstract measure of time taken for the program to run.



® Some abstract measure of time taken for the program to run.
® How do we characterize it?



® Some abstract measure of time taken for the program to run.
® How do we characterize it?

— Number of operations performed.



® Some abstract measure of time taken for the program to run.
® How do we characterize it?

— Number of operations performed.
— Number of “simple” operations performed for some input size.



Preliminaries

Recursion Time and Space Complexities
Complexity Big O notation
Questions

Time Complexity

® Some abstract measure of time taken for the program to run.
® How do we characterize it?

— Number of operations performed.
— Number of “simple” operations performed for some input size.
— Simple operations:
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® Some abstract measure of time taken for the program to run.
® How do we characterize it?

— Number of operations performed.
— Number of “simple” operations performed for some input size.
— Simple operations:

o All arithmetice.g. 4 x 5
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Time Complexity

® Some abstract measure of time taken for the program to run.
® How do we characterize it?

— Number of operations performed.
— Number of “simple” operations performed for some input size.
— Simple operations:

o All arithmetice.g. 4 x 5

@ Memory read and write e.g. const a = 4;
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Time Complexity

® Some abstract measure of time taken for the program to run.
® How do we characterize it?

— Number of operations performed.
— Number of “simple” operations performed for some input size.
— Simple operations:

o All arithmetice.g. 4 * 5

@ Memory read and write e.g. const a = 4;

o Conditionals e.g if (a === 4)
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Time Complexity

® Some abstract measure of time taken for the program to run.
® How do we characterize it?

— Number of operations performed.
— Number of “simple” operations performed for some input size.
— Simple operations:

o All arithmetice.g. 4 x 5

@ Memory read and write e.g. const a = 4;

o Conditionals e.g if (a === 4)

® An asymptotic bound on the number of primitive operations by

nice functions 1.

LYou can forget about this entirely, you will never meet a bad function in this course. This is however usually
enforced because there exist pathological functions that really mess up complexity classes.

Jia Xiaodong Function evaluation, recursion and complexity



® Some abstract measure of space taken for the program to run.



® Some abstract measure of space taken for the program to run.

® How do we characterize it?



® Some abstract measure of space taken for the program to run.

® How do we characterize it?
— Number of symbols created.



® Some abstract measure of space taken for the program to run.

® How do we characterize it?

— Number of symbols created.
— Maximum number of “simple” symbols created.
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Space Complexity

® Some abstract measure of space taken for the program to run.
® How do we characterize it?

— Number of symbols created.
— Maximum number of “simple” symbols created.

® An asymptotic bound on the space required relative to input
size.
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Big O notation

To accomplish these things we use the Big O asymptotic notation.

Name Definition Meaning

f(n) =0(g(n)) | 3k > 0,3IN,¥n > N, f(n) (n) | f is bounded above by g.

<k-g
f(n) =Q(g(n)) | 3k >0,3IN,Yn> N, f(n) > k-g(n) | fis bounded below by g.
Jk1, k2 > 0,dN,Vn > N,
f(n) =06(g(n)) k1-g(n) < f(n) <ks-g(n) f is bounded by g.

We can find some constant factor(s) such that regardless of how
large the input gets (asymptotic) we can provide a bound on the
function.
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function fi1(rune_1, n, rune_2) {
return n ===

? rune_2

: fi(rune_1, n - 1, beside(rune_1,stack(d, rune_2)));

}

Evaluate £1(W, 3, Q) using the substitution model.

f1(H, 3, O)
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function fi1(rune_1, n, rune_2) {
return n ===

? rune_2
: fi(rune_1, n - 1, beside(rune_1,stack(d, rune_2)));

}
Evaluate £1(W, 3, Q) using the substitution model.

f1(H, 3, O)
f1(M, 2, beside(M, stack(d, 9)))
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S3 Q1

function fi1(rune_1, n, rune_2) {
return n ===
? rune_2
fi(rune_1, n - 1, beside(rune_1,stack(d, rune_2)));

}
Evaluate £1(H, 3, ©) using the substitution model.

f1(H, 3, O)

f1(M, 2, beside(M, stack(Od, ©)))
£1(M, 2, beside(M,))
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S3 Q1

function fi1(rune_1, n, rune_2) {
return n ===
? rune_2
fi(rune_1, n - 1, beside(rune_1,stack(d, rune_2)));

}
Evaluate £1(H, 3, ©) using the substitution model.

fi(H, 3, V)

f1(H,
f1(H,

f1(H,

N

, beside(M, stack(d, 0)))
, beside(H, QD?))

m>

NN
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S3 Q1

function fi1(rune_1, n, rune_2) {
return n ===
? rune_2
fi(rune_1, n - 1, beside(rune_1,stack(d, rune_2)));

}
Evaluate £1(H, 3, ©) using the substitution model.

f1(W, 3, O) f1(M, 1, beside(M, stack(d, 9>

f1(H,
f1(H,
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S3 Q1

function fi1(rune_1, n, rune_2) {
return n ===
? rune_2
fi(rune_1, n - 1, beside(rune_1,stack(d, rune_2)));

}
Evaluate £1(H, 3, ©) using the substitution model.

f1(W, 3, O) f1(M, 1, beside(M, stack(d, >

-
f1(M, 2, beside(M, stack(d, ©))) f1(M, 1, -g)
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S3 Q1

function fi1(rune_1, n, rune_2) {
return n ===
? rune_2
fi(rune_1, n - 1, beside(rune_1,stack(d, rune_2)));

}
Evaluate £1(H, 3, ©) using the substitution model.

f1(W, 3, O) f1(M, 1, beside(M, stack(d, >
—

f1(M, 2, beside(M, stack(d, ©))) f1(M, 1, -g)

£1(M, 2, beside(M,))

f1(H, .3) f1 (M, 0, beside(M, stack([], .g)

NN

N
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S3 Q1

function fi1(rune_1, n, rune_2) {
return n ===
? rune_2
fi(rune_1, n - 1, beside(rune_1,stack(d, rune_2)));

}
Evaluate £1(H, 3, ©) using the substitution model.

f1(H, 3, Q) f1(M, 1, beside(M, stack(d, >

C__1
, beside(M, stack(Od, ©))) f1(M, 1, -g)
, beside(.,%))

B £1(M,

f1(H,

f1(H,
f1(H,

f1(H,

NN

N
o

, beside(M, stack([d, .g)

Ha
-

o
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function f2(rune, n) {
return n ===

? rune
stack(beside(d, f2(rune, n - 1)), W);
}

Evaluate £2(®, 3) using the substitution model.

£2(0, 0);
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function f2(rune, n) {
return n ===
? rune
stack(beside(d, f2(rune, n - 1)), W);

}
Evaluate £2(®, 3) using the substitution model.

£2(0, 0);
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function f2(rune, n) {
return n ===
? rune
stack(beside(d, f2(rune, n - 1)), W);

}
Evaluate £2(®, 3) using the substitution model.

£2(0, 0);

£2(Q, 1);
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function f2(rune, n) {
return n ===
? rune
: stack(beside(d, f2(rune, n - 1)), W);

}
Evaluate £2(®, 3) using the substitution model.

£2(0, 0);
@
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function f2(rune, n) {
return n ===
? rune
: stack(beside(d, f2(rune, n - 1)), W);

}
Evaluate £2(®, 3) using the substitution model.

£2(0, 0);
@

£2(0, 1);
stack(beside(O, £2(¥, 0)), W)
stack(beside((d, ©), W)
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function f2(rune, n) {
return n ===
? rune
: stack(beside(d, f2(rune, n - 1)), W);

}
Evaluate £2(®, 3) using the substitution model.

£2(0, 0);
@

£2(9, 1);

stack(beside(O, £2(¥, 0)), W)
stack(beside((d, ©), W)
stack(CJO, W)
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function f2(rune, n) {
return n ===
? rune
: stack(beside(d, f2(rune, n - 1)), W);

}
Evaluate £2(®, 3) using the substitution model.

£2(0, 0);
@

£2(9, 1);

stack(beside(O, £2(¥, 0)), W)
stack(beside((d, ©), W)
stack(CJO, W)

00
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Extra questions — Big O

function f2(rune, n) {
return n ===
? rune
: stack(beside(d, f2(rune, n - 1)), W);

}
Evaluate £2(®, 3) using the substitution model.

£2(Q, 0); £2(0, 2);
Q

£2(9, 1);

stack(beside(O, £2(¥, 0)), W)
stack(beside((d, ©), W)
stack(CJO, W)

00
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S3 Q2

function f2(rune, n) {
return n ===
? rune
: stack(beside(d, f2(rune, n - 1)), W);

}
Evaluate £2(®, 3) using the substitution model.

£2(Q, 0); £2(0, 2);
Q stack(beside (O, f2(D-(7 , 1), M
£2(Q, 1);

stack(beside(O, £2(¥, 0)), W)
stack(beside((d, ©), W)
stack(CJO, W)

00



Preliminaries Tutorial questions

Recursion In Class
Complexity Extra material
Questions Extra questions — Big O

S3 Q2

function f2(rune, n) {
return n ===
7 rune
stack(beside(d, f2(rune, n - 1)), W);
}

Evaluate £2(Q©, 3) using the substitution model.

£2(Q, 0); £2(Q, 2);

V) stack(beside (O, £2( % , 1)), M
£2(Q, 1); .ll
stack(beside(Od, £2(Q, 0)), W

stack(beside((d, ©), W)

stack(0O, W)

BV
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S3 Q2

function f2(rune, n) {
return n ===
7 rune
stack(beside(d, f2(rune, n - 1)), W);
}

Evaluate £2(Q©, 3) using the substitution model.

£2(Q, 0); £2(Q, 2);

V) stack(beside (O, £2( % , 1)), M
£2(Q, 1); .ll

stack(beside(Od, £2(Q, 0)), W

stack(beside(d, ©), M) £2(Q, 3);

stack(0O, W)

BV

|
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S3 Q2

function f2(rune, n) {
return n ===
? rune
stack(beside(d, f2(rune, n - 1)), W);
}

Evaluate £2(Q©, 3) using the substitution model.

£2(Q, 0); £2(Q, 2);

Q stack(beside (0, £2( % 1), b
£2(Q, 1); .ll

stack(beside(Od, £2(Q, 0)), W

stack(beside((d, ©), W) £2(0, 3);

stack(0O, W)

BV

|
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Write a function moony_1(rune) that outputs this:

' rune
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Q1

Write a function moony_1(rune) that outputs this:

rune

function moony_1(rune) {
return stack(beside(circle, blank),
beside(square, rune));
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Tutorial questions

In Class

Extra material

Extra questions — Big O

Write a function moony_2 to recursively insert circles into the right
place. Example output of moony_2(4):

Jia Xiaodong

Function evaluation, recursion and complexity
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Q2

Write a function moony_2 to recursively insert circles into the right
place. Example output of moony_2(4):

function moony_2(n) {
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Preliminaries Tutorial questions

Recursion In Class
Complexity Extra material
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Q2

Write a function moony_2 to recursively insert circles into the right
place. Example output of moony_2(4):

function moony_2(n) {
return n === 1
? circle
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Preliminaries Tutorial questions

Recursion In Class
Complexity Extra material
Questions Extra questions — Big O

Q2

Write a function moony_2 to recursively insert circles into the right
place. Example output of moony_2(4):

function moony_2(n) {
return n === 1
? circle
moony_1(moony_2(n - 1));
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Q3

Now make the circles have the same diameters:
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function moony(n) {
return n ===
? circle



function moony(n) {
return n ===

? circle
: stack_frac(1 / n,
beside_frac(1/n, circle, blank),
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Cont.

function moony(n) {
return n === 1
? circle
stack_frac(l / n,

beside_frac(1/n, circle, blank),
beside_frac(1/n, square, moony(n -
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Do your functions give rise to recursive or iterative processes? What
is the time and space complexities of your moony? J

Name Process | Space | Time
moony_1 — @(1) @(1)
moony_2 | Recursive @(TL) @(TL)

moony | Recursive | ©(n) | O(n)
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function expt(b, n) {
return n ===
71
: b * expt(b, n - 1);
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function expt(b, n) {
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b * expt(b, n - 1);
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function expt(b, n) {
return n ===
71
b * expt(b, n - 1);

*

expt (b, 4)

* 5 x expt(b, 3)

* 5 x 5 x expt(b, 2)

* 5 x 5 x 5 * expt(b, 1)

e o o o o
o o o1 o

Time: O(e)
® Space: O(e)
_ Function evaluation, recursion and complexity
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is_even(e)
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function fast_power(b, e) {
return e ===

71
is_even(e)
? fast_power(b * b, e / 2)
: b x fast_power(b, e - 1);

fast_power(3, 4)
fast_power(9, 2)
fast_power (81, 1)
81 * fast_power(81, 0) v/

Time: ©(loge)
® Space: O(1)
_ Function evaluation, recursion and complexity



return e ===
71
: is_even(e)
? fast_power(b * b, e / 2)
: b x fast_power(b, e - 1);




return e ===

71

: is_even(e)
? fast_power(b * b, e / 2)
: b *x fast_power(b, e - 1);

® fast_power(3, 10)



return e ===

71

: is_even(e)
? fast_power(b * b, e / 2)
: b *x fast_power(b, e - 1);

® fast_power(3, 10)

® fast_power(9, 5)



return e ===

71

: is_even(e)
? fast_power(b * b, e / 2)
: b *x fast_power(b, e - 1);

® fast_power(3, 10)
® fast_power(9, 5)

® 9 x fast_power(9, 4)



return e ===

71
is_even(e)
? fast_power(b * b, e / 2)
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is_even(e)
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return e === 0

71
is_even(e)
? fast_power(b * b, e / 2)
b * fast_power(b, e - 1);

® fast_power(3, 10)

® fast_power(9, 5)

® 9 x fast_power(9, 4)

® 9 x fast_power(81, 2)

® 9 *x fast_power (6561, 1)

® 9 % 6561 * fast_power(6561, 0) v



Show that 4n? — n = O(n?) J

n0=1,k2=5,k1=1.

4n? —n
In fact one can show
that for any polynomial 5n?
Pm(n) of degree
m, pm(n) = O(n™). ,
n
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Show that logs(n) = O(lnn) J




Show that logs(n) = O(lnn) J

__logyn

1 =
OB logy a



10nlogn L O(n?) J




10nlogn L O(n?) J

?
10nlogn < 2n?
logn <n
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logn® < log k + log 2"
3logn <logk + nlog?2
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® Vn+n=06(7)
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® O(n)
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For the next few questions, give the space and time complexities of
the functions presented.



function factorial(n) {
return n ===
7?1
: n *x factorial(n - 1);
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return n ===
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® 5 x factorial(4)
® 5 x 4 x factorial(3)
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function factorial(n) {
return n ===
7?1
n * factorial(n - 1);

* factorial(4)
* 4 * factorial(3)
x 4 x 3 x factorial(2)

e o o o
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function factorial(n) {
return n ===
7?1
n * factorial(n - 1);

* factorial(4)

* 4 * factorial(3)

4 x 3 x factorial(2)

x 4 x 3 x 2 x factorial(1l)
* 4 % 3 % 2 % 1

e e o o o
a o o0 o0 o,
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function factorial(n) {
return n ===
7?1
n * factorial(n - 1);

* factorial(4)
* 4 x factorial(3)

x 4 x 3 x factorial(2)

e e o o o
a o o0 o0 o,

4
x 4 x 3 x 2 x factorial(1l)
4

x4 %3 % 2 %1

Time: ©(n)
® Space: O(n)
_ Function evaluation, recursion and complexity



Write factorial that gives rise to an iterative process. J




Write factorial that gives rise to an iterative process.

function _(n, res) {
return n ===
? res
: _(n -1, n * res);

}

function factorial(n) {
return _(n, 1);

}
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