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1 Introduction

These are notes from Linear Algebra II, a more rigorous treatment of concepts introduced in
LA L

2 Matrices

2.1 Fields

We use Gaussian elimination to solve linear systems. Gaussian elimination works if one can
add, subtract, multiply, and divide the coefficients similar to the real numbers. That is, the
coefficients come from a field.

Definition 2.1. A field (F,+, %) is a set [ together with two binary operations + and X
called addition and multiplication respectively satisfying the field azioms®. U

In summary, the axioms state that the two operations are associative, commutative, have an
identity, and have an inverse. Also multiplication is distributive over addition.

Axioms (A1) - (A4) says that (F,+) forms a commutative group. Axioms (M1) - (M4) says
that (F — {0}, x) forms another commutative group.

Example 2.1. R, C, Q are fields. 7Z is not a field, and neither is R \ Q. U

A finite field is a field which contains only finitely many elements. The number of elements in
a finite field is of the form p™, where p is prime and m is a positive integer. There is exactly
one field (up to isomorphism) with ¢ elements. We can safely call this IF,.

Matrices are a familiar concept from Linear Algebra I. We can simply extend addition and
product to any arbitrary field without additional work.

We denote M,,,(IF) as the set of all m x n matrices with entries taken from F.
Definition 2.2. A square matrix A is invertible if there is a matrix B such that
AB=BA=1

B is called the inverse of A and we write A~' = B. O

IThese are stated in the Math 115 notes.




2.2 Determinants
To determine invertibility we previously we had a concept of determinant. We treat it more
rigorously now:

Definition 2.3. A function
D:M,(F)—TF

is called a determinant function if:

« (D1) it is multilinear:

— For columns of the matrix, D(...,au+ fv,...) =aD(...,u,...)+ 8D(...,v,...)

— In other words, it is linear for each individual column with the others held fixed.
« (D2) it is alternating:

— If A" is formed from A by interchanging two columns, then D(A") = —D(A).
— Thus if A has two equal columns, D(A) =0

. (D3) D(1) = 1
O

It can be shown that this definition of the determinant function will give us all the familiar
properties of the determinant. However we will skip this, as well as enumerating through its
properties since we have dealt with determinants plenty already in Linear Algebra I. What we
are more interested in is if our familiar method of calculating determinants is the only way of
doing so.

Example 2.2. The function D : My(F) — F given by:

D a1n aiz\
= Q11022 — Q12021
a21 A2

is easily verified as a valid determinant function. [l

Let A € M,(F). For 1 <4,j <n, let A;; be the (n — 1) x (n — 1) matrix obtained by deleting
the ¢-th row and j-th column from A.

Theorem 2.1 (Cofactor expansion).
E(X) = (=1)"a;D(Ay)
is a determinant function on M, (IF).

Using this fact, we can inductively generate more determinant functions.

Corollary 2.1.1. For each positive integer n, there is at least one determinant function on
M, ().



Theorem 2.2. The determinant function for My(F) is unique and is the one given in Ez. 2.2.

Proof.
D <a11 a12> _ D(<Cl11) <a12>)
a1 G99 asi )\ ag
1 0 1 0

= ap1a12D(ey,€1) + ajjaznD(er, e2) + azjainD(es, €1) + axanD(es, es)
=0+ ajjanD(er, es) — ananD(er, e3) + 0

= (a11a22 - a21a12)D(I)

By construction D(I) = 1. Hence we get that any determinant function has to evaluate to the
one given in Ex. 2.2. [

We need the idea of permutations for higher order determinants.

Definition 2.4. A permutation of {1,2,...,n} is an one-to-one function
o:{L,2,....,n} = {1,2,...,n}

and we denote it as
o= (ol,02,...,0n)

O

The symmetric group of degree n is denoted as S, which is the set of all permutations of
{1,2,...,n}. S, forms a group under composition of functions.

If we want to extend the expansion above to larger n, we may note that actually we can instead
write

D(A) = Z 11 - - GonnD(€s1, ..., €0p)

O'ESn

To see this fact, we can stare hard at the proof for Thm. 2.2.
From the original construction of the determinant function, swapping the rows
D(...;es1,€50,...) = —=D(...,€,9,€51,...)
Then any permutation of the rows causes
D(es1, ... €5n) =sgnoD(I)
with the signum function sgn reacting to how many swaps we have performed:

1, if even switches
sgno = ) )
—1, if odd switches

Theorem 2.3 (Uniqueness of determinants). For each n, there is only one determinant function
on M, (F), given by

det(A) = Z (sgno)asi - Gonp

O'ESTL



Since there is only one determinant function, this is equivalent to our expression obtained from
cofactor expansion in Thm. 2.1.

Theorem 2.4. If a function D : M, (IF) — Fis multilinear and alternating, then
D(A) = (det A)(D(I))
Theorem 2.5. If A, B € M,(F), then
det(AB) = (det A)(det B)

Proof. Define a function f : M,(F) — F as f(X) = det(AX). It is easily checked that f is
both alternating and multilinear. Then by Thm 2.4,

f(B) = (det B) f(I)
= (det B)(det A)

Theorem 2.6 (Determinant of transposes).

det A = det AT

Proof. First we note that for two permutations o,7 € S, sgnor = sgnosgnrt, where o7
represents their composition. This also implies that if o~! is the inverse function of o, then
sgnoo ' =1, and sgno = sgno!. All these statements stem from sgn being an indicator of
the parity of the number of switches we need to create a permutation from (1,2,...,n).

Let A = (a;;) and A" = (a];
det(AT) = Z (sgnt)aly...al,, = Z (SgUT)a1 1 - - Cprn,

TGSn TGSn

) = (aji). The determinant of A is then

We can rearrange the terms a; ;1 . .. @y . such that they are in the form of as1 1 . .. @on,, Without
changing their value. Then it is clear that 0 = 77!, and sgno = sgn7. Thus,

det AT = Z (SguT)ayr1 ... Gprn = Z (sgno)ag1y ... Gony = det A

TGSn TGSn

Naturally this leads to the following theorem.

Theorem 2.7 (Cofactor expansion along rows).
det X = Z(-l)iJrjl'ij det Aij
i=1
Theorem 2.8 (Classical adjoint and inverses). Let A = (a;;) € M,(F) and adjA = (b;;) €
M, () be defined as o )
bij = (—].)H—] det Aji

adj A s the classical adjoint of A, and
(det A)~*(adj A)A =1
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Proof. Let C = (adj A)A = (¢;;). Then
Cij = Z(adj A)Z'kakj

k
= Z(—l)”k(det Aki)ak]‘
k

We note that for j # k,

Z(—l)iﬂaik det Aij =0
since this is the expression of det B where B is formed by replacing the j-th row of A with the
k-th row of A.

Thus,

det A otherwise
Hence C' = (det A)IL. |

{0 § i
Cij:

Thm. 2.8 also tells us that a matrix A is invertible iff det A # 0.

Theorem 2.9 (Cramer’s Rule). Let A € M,(F) and y € F™. If A is invertible, then for the
system of linear equations:
Ax =y

with x € F™, then for each 1 < j < n,
x; = (det A)~' det C(j)
where C(j) is the n X n matriz obtained by replacing the j-th row of A byy.

Proof. If A is invertible, then its inverse exists, and from Thm. 2.8, A™! = (det A)~'adj A. Now
consider (adj A)y = B = (b;). Using the definition of the classical adjoint,

b= (adjA)iys

ol
3 ||M:
—

= (—1)k+1 det zzlszk
k=1

Now if we perform cofactor expansion over column k for C'(k), we find that

n

det C'(k) = Z<_1)i+jyj det Ay,

j=1
Hence b; = det C'(k).
Ax =y
A Ax = Ay
X = (det A)"'B
Therefore x; = (det A)~'b; = (det A)~! det C (1) |

>



3 Vector spaces

3.1 Vector spaces

R" consists of tuples of real numbers. In R? and R? we could represent them as vectors. We are
quite familiar with them now; but we want to know if we can extend some of those concepts
further:

« Linear combination

Linear dependence/independence

Subspaces, bases and dimensions
« Linear transformations

Actually, these concepts come not from R", but the operations on R"™. So with these two notions
of vector addition and scalar multiplication, we can generalize beyond R".

We shall call any system with a notion of addition and scalar multiplication behaving in a
certain way (like those in R™) vector spaces and their elements vectors.

Definition 3.1. A vector space consists of

i. A field IF of scalars
ii. A set V of vectors

iii. A rule called vector addition,

Vu,v eV, (u,v) »u+v

iv. A rule called scalar multiplication,

Vke F,veV, (kv)—kv

The operations must obey these rules:

A1) V is closed under vector addition.

A2) Vector addition is commutative.

A4) A additive identity, the zero vector 0, exists.

A5

Additive inverses exist for all elements.

(A1)
(A2)
(A3) Vector addition is associative.
(A4)
(A5)
)

(S1

V' is closed under scalar multiplication.



(S2) Vk,l e F,vv € V,(kl)v = k(lv)
(S3) VWw e V,1v =v.
(S4,S5) Scalar multiplication is distributive over vector addition.
Example 3.1. For any field F,
F" = {(a1,...,a,) | a1,...,a, € F}
with the operations

(al,...,an)—i—(bl,...,bn):(a1+bl,...,an+bn)
k(ay,...,a,) = (kay,. .., kay)

forms a vector space over . O
Example 3.2. Take the set of all m X n matrices A with entries taken from field ¥, M,,,(F).
For A = (a;;), B = (bij) € My (F) and k € I,
A+ B = (ai; + by)
kA = (ka;;)

M, (F) forms a vector space over IF. O

Example 3.3. Let S be a non-empty set, I be a field, and consider F(S,F) as the set of all
functions f: S - F

Define for f, g € F the function f + ¢g with some s,k € S

(f +9)(s) = f(s) + 9(s)
(kf)(s) = k(f(s))

JF with the above operations form a vector space over F. [l

Example 3.4. Let P(F) be the set of all polynomials with coefficients in I.

Define vector addition as resulting in a new polynomials whose coefficients are the sums of the
respective coefficients in both operands.

Define scalar multiplication as returning a polynomial whose coefficients are the results of
multiplying the respective coefficients in the vector with the scalar.

P(F) forms a vector space over [F. U

Similar to when we just started with fields, we should prove some of these facts that we usually
take for granted.

Theorem 3.1. Let V' be a vector space over I, v € V and k € . Then

. 0v=0



. k0=0
iii. (—1)v=—v

. kv=0— (k=0A=0).

Proof. i.
0=0+0
Oov=(0+0)v
Ov=0v+0v
Ov + (—(0v)) = 0v + 0v + (—(0v))
0=0v+0
0=0v

3.2 Subspaces

Definition 3.2. Let V be a vector space over a field F.

If a subset W of V' forms a vector space of ' as well with the same operations as those in V,
then it is called a subspace. O

It might be noted that the zero vector being present is a necessary condition for a vector space
to be a subspace.

Example 3.5. The zy plane in R? forms a real vector space with the usual vector addition
and scalar multiplication. Hence it is a subspace of R?. 0

Often we want to know if a subset of some vector space is an subspace of it.

Theorem 3.2. Let V' be a vector space over F and W be a non-empty subset of V.. Then W
1s a subspace of V iff Vu,v € W Vo, € F,au+ v € W.

Proof.
( = ): If W is a subspace, then it is also a vector space. Hence it is closed under scalar
multiplication and vector addition.

( <= ): We need to show that W satisfies all 10 conditions to be qualified as a vector space.

Firstly, associativity, commutativity, distributivity, multiplicative inverse(A2, A3, S2, S3, D1,
D2) are true free of charge since W comes from V.

W is also obviously closed under addition due to our original supposition.
Next we quickly prove the remaining few conditions:
Ou+0v=0eW

(—u+0v=—ueW
au+0v=aueW



Example 3.6. Take the solution space of a homogeneous linear system:

T
o)
W=<{x=| . |€F"|Ax=0

T
W is a subspace of " [l

Proof. If x =0, then Ax =0, so 0 € W and W is non-empty.
Take u,v € W and «, 8 € F. Then Au= Av = 0.

Alau + pv) = aAu+ SAv
= a0 + B0
=0eW

Hence by Thm. 3.2, W is a subspace of F™. [ |
Example 3.7. Let F{R,R} be the set of all functions f : R — R. Let C{R} be the set

of all continuous functions f : R — R. The zero vector is represented by the zero function

C{R} > fy(z) = 0.

We also know that if we have two continuous functions f, g, then f + ¢ is also continuous.
Also, Vo, af is continuous. Therefore af + g is also continuous. Hence C{R} is a subspace of
F{R,R}. O

Example 3.8. Let V' be the set of all sequences of real numbers. For (a;), (b,) €V, a € R,
(an)n + (bn)n - (an + bn)n a(an)n - (aan)n

V' with these operations form a vector space. The set of all convergent sequences hence also
form a subspace. 0

If we want to combine subspaces, what comes to mind first when is that we may take their
union. However it turns out that most of the time this will not work. For example, the union
of the x and y axes in R? clearly does not create a subspace.

Theorem 3.3. Let U and W be subspaces of a vector space V.

i. UNW is a subspace of V.
1. If UUW s a subspace of V', then either U CW or W C U.

Proof.

i. Take u,w € UNW. Then u,w € U Au,w € W. Hence au+ fw € U and au+ w € W.
Thus au+ pw e UNW.



ii. Take u € U, and w € W. Then u,w € U U W. Since it is a subspace, u+w € U U W.
Hence (u+w € U)V (u+w € W). But then since they are both subspaces, (u+w—u €
U)V(u+w—w e W). Thus either U CW or W C U.

The proper way to combine subspaces is to actually take their sum.

Definition 3.3. Define V 4+ W = {v+w | v € V;w € W}. This can be verified to be a
subspace. O

3.3 Linear spans

Definition 3.4. A vector u of the form u = a;vy + agvy + - - - + a,v,, where aq,...,a, € F, is
called a linear combination of vi,...,v,. O
Definition 3.5. The span of S is the set of all linear combinations of vy,...,v, € S. It is
defined that span(()) = {0}. If W = span(S), we say W is spanned by S, or S is the spanning
set for W. 0

Theorem 3.4. Let V' be a vector space over F and S be a finite subset of vectors in V. Then:

i. span(S) is a subspace of V.
ii. If W is a subspace of V- and S C W, then span(S) C W.

In other words, the span of S is the smallest subspace containing S.

Proof.

i. Use Thm. 3.2.

ii. Suppose the finite set S = {vy,...,v,} C W. Take v € span(S). Then v is of the
form v = a1vi + -+ 4+ a,v,. Since S C W, vq,...,v, € W. W is closed under scalar
multiplication and vector addition. Hence v € W. Thus span(S) C W.

[ |

In fact, we may say that
span(S) = ﬂ W
scw
W is a subspace
Example 3.9. Let F be a field. Consider the n-tuples with the ith entry as 1:
e;=(0,...,1,0,...,0)
e

F™ = span(ey, ..., e,). O
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Example 3.10. Let E;; be the m x n matrix with its ¢jth entry as 1 and 0 elsewhere.
IfA= (aij) c an(F), then

A=D > aiBy
i=1 j=1
Therefore M,,,(F) =span(E;; | 1 <i<m,1<j<n). O
Example 3.11. Consider

W = {(i Z) € Mn(R) | a+b+c+d:0}
It can be shown that W is a subspace of Mas(R).

a b

Let A = <c d) € W. Then using the fact that d = —a — b — ¢,

1 0 0 1 0 0
A_a(o _1)—1—19(0 _1)—1—0(1 _1)

Then it is clear what the spanning set of W is. U
Example 3.12. Let P,(IF) be the space of polynomials in F of degree at most n.

P,.(F) = span({1,z,2?,...,2"), with 1,z € F. O

However we can also have more complicated spanning sets.

Example 3.13. Consider p;(z) = 22 + 3z — 2, po(z) = 22% + bz — 3, p3(x) = —2? — 4o + 4.
They span Py(R).

For any ¢(z) = ar®+br+c € Py(R), we want to show that c;p; (z)+copa(z)+csps(z) = q(x) has
a solution for all a,b,c € R. After simplification, it is easy to show with Gaussian elimination
that there are indeed always solutions. U

Example 3.14. We can also use the rows and columns of matrices as spanning sets. We call
the space spanned by all the rows of a matrix its row space, and the space spanned by all the
columns of a matrix its column space. U

It might be noted that linear combinations are only defined for a finite set of vectors. We will
get into trouble if we try to allow infinite sums. Consider () as a vector space over Q.

=1
m:(f?z(@

n=0

However we can still have spans of infinite sets. We take a finite subset of S, and form all linear
combinations over it. In other words,

span(S) = Uspan(s)

sCS
s finite

The span of S can also be thus stated as the set of all linear combinations of elements in S.
Thm. 3.4 still holds for this definition.

It can be seen that every subspace spans itself. However, realistically we want more useful, or
even better, the smallest spanning set possible.

11



Example 3.15. P(F) = span({1,z, 2% 23,...}). O

To achieve this we need the idea of linear dependence.

3.4 Linear dependence

Let vq,v, € V, where V is a vector space. Consider the equation
avy+---+a,v, =0
A trivial solution is to let all a1,...,a, =0

Definition 3.6. The vectors vi,v,, € V are linearly dependent if there exists a non-trivial
solution to the following equation:

avy+--+a,v, =0

If there are not linearly dependent, we say they are linearly independent, i.e only the trivial
solution can satisfy the equation above U

Any finite set containing the zero vector is linearly dependent since we can cheat by doing

Ovi+--4+0v,+1-0=0

Also, if we only have one vector, it is linearly independent, by the uniqueness of the 0 element.

Definition 3.7. Let S be a subset (potentially infinite) of a vector space. If S has a finite
subset that is linearly dependent, we also say that S is linearly dependent. If every finite subset
of S is linearly independent, then we also say S is linearly independent. Since the empty set is
in all sets, it is linearly independent. 0

Theorem 3.5. If A € M, (F) is invertible, then its columns form a linearly independent set in
E.

Proof. Let the i-th column of A be represented as a;. Consider the linear system

cla1+---~|—cnan:0

We can rewrite this as

(&1
Co
Al .| =0
CTZ
Since A is invertible, multiplying A~! on both sides gets us that every ¢; is 0. |

Theorem 3.6. If a subspace W of a vector set is spanned by S and S is linearly dependent,
then there ezists a vector v; € S such that W = span(S \ {v;}).

12



Proof. Since S is linearly dependent, 41, --- , ¢, € [, which are not all 0, such that ¢;v;+---+
cp vy = 0.

Assume ¢; # 0. Then after some arrangement we can obtain v; = —%v; — ... — v, This
1 T
means that v; is a linear combination of the other vectors in S.

Now we have to show that removing v; does not change the set spanned by S.

Take some w € W = span(S \ {v;}). Then w = kyvy + - -+ + k,v,, for some ky,... k, € F.
But we could just replace v; with the expression found above and obtain w = (k; — k%)vl +

oot (ki — %)Vi_l +.ooot+ (ki — M)VZ-H + (k,, — ké?")vn. This shows that w is a linear

Cq

combination of vectors in S\ {v;}. |

In other words, linearly dependent spanning sets contain redundant vectors that can be re-
moved. Furthermore, the smallest spanning set should therefore be linearly independent.

3.5 Bases and dimensions

Definition 3.8. A subset B of a vector space V is called a basis for V' if

i. B spans V.

ii. B is linearly independent.

If V has a finite basis, then we say V' is finite dimensional. Otherwise it is infinite dimensional.
O

Theorem 3.7. Let B = {vy,...,v,} be a basis for the vector space V.. Then every vector €V
can be expressed in the form of
V=a1Vy+...+a,vy,

uniquely.

Proof. Since B spans V', there should be at least one way to express v as a linear combination
of the vectors in B.

Now suppose there are two ways of writing such a linear combination.
v=aVvy+...+a,v,
v=bvi+...+b,v,

Consider their difference:

0= (a1 —b)vi+ ...+ (a, — by)vy

Since B is linearly independent, all the coefficients a; — by, ..., a, — b, should all be 0. Hence
alzbl,...,an:bn. n

13



Example 3.16. We have encountered the spanning set for " before,

e;=(0,...,1,0,...,0)
——

i entries

They are all linearly independent, and we call them the standard basis for " O

Example 3.17. Let E;; be the m x n matrix with its ijth entry as 1 and 0 elsewhere. Then
{E;; |1 <i<m,1<j<n}is the standard basis for M,,,(I). O

Example 3.18. The set {1,x,...,2"} is the standard basis for P,(F). The set {1,z, 22, ...}
is the standard basis for P(IF). O
[

Example 3.19. Since the empty set spans the zero vector space, it is also its basis.
Theorem 3.8. Consider the homogeneous linear system

Ax =0
where A € My, (F), If m < n, that is, there are more variables than equations, then the system
will have non-trivial solutions.
Proof. If we imagine performing Gaussian elimination on such a matrix, then we will see why
this is so. |
Theorem 3.9. Suppose that the vector space V' is spanned by a finite set S. Then any subset
L of V' such that |L| > |S| is linearly dependent.
Proof. Say we have some L = {uy,...,u,} and S = {vy,...,v,}, with m > n. Since S spans

V', we can write

u =ai1vy+ -+ a,vp

uy =byvy+ -+ by

We want to find aq, as, ... not all zero that satisfies
ajug +asug +...=0
Substituting,
ar(avi+ -+ anvn) +ag(bivi + -+ by vy) + - =0

We can consider the linear system

a1a1+b1042+"':0
asay + beag - =0

There are more variables than equations. By Thm. 3.8, there exists a non-trivial solution, and
therefore L is linearly dependent. [

14



Corollary 3.9.1. If a vector space V' is spanned by a finite set S and L is a linearly independent
subset of V', then |L| <|S].

Theorem 3.10 (Dimension theorem). If V' is a finite dimensional vector space, then every
basis of V' s finite and as the same number of elements.

Proof. Since V is finite dimensional vector space, it has a finite basis B.

Let B’ be another basis of V. By Cor. 3.9.1, B is a spanning set, and B’ is linearly independent.
So |B| > |B’|. But we can also reverse their roles and say |B’| > |B|. Hence |B| = |B'|. [

Definition 3.9. Let V be a finite dimensional vector space. The dimension of V', denoted by
dim V'

is the number of elements of any basis of V.

Example 3.20. dimF" =n

Theorem 3.11. Suppose dimV = n.

1. Any subset S of V' which contains more than n elements is linearly dependent.

1. No subset of V' with less than n elements span V.
Proof. Let B be a basis of V. Then |B| = n.

i. By Thm. 3.9.
ii. By Cor. 3.9.1.

Theorem 3.12. Let {vy,...,v,} be a linearly independent subset of a vector space V. If w € V
such that w & span{vy,...,v,}, then the set {vy,...,v,, W} is linearly independent.

Proof. Suppose not. Suppose that {vy,...,v,, w} is instead linearly dependent. Then
avi+ -+ a, vy +apw =0

has non-trivial solutions. a,4; # 0 since {vy,...,v,} are linearly independent, and a,.; = 0
would suggest otherwise. Then we have

aq Ay,
w=— Vi— e — Vi
an+1 an—f—l
which means w € span{vy, ..., v,}, contradiction. [ |

Corollary 3.12.1. Suppose dimV =n and S = {vy,...,v,} is a set of vectors in V.

1. If S is linearly independent, then it is a basis for V.
1. If S spans V', then S is a basis for V.

15



Proof.

i. Assume S is linearly independent but it does not span V. By Thm. 3.12, we can add some
vector w € V into S. However now |S U {w}| =n+1 > n, which contradicts Thm. 3.11.

ii. Assume S spans V but S is linearly dependent. By Thm. 3.6, we can remove a vector
from S, but then then V will be spanned by n — 1 < n vectors, contradicting Thm. 3.11.

[ |
Corollary 3.12.2. Let V' be a finite n-dimensional vector space and {vi,..., vy} is a linearly
independent subset of V- where m < n. There ezists n —m vectors {wy, ..., w,,} € V such that

{Vi, .., Vo, W1, ..., Wy, } is a basis for V.

Proof. We can iteratively perform Thm. 3.12 (m — n) times, and from Cor. 3.12.1 this new set
is a basis. [

Theorem 3.13. Let V be a finite dimensional vector space and W1, Wy be two subspaces of V.
Then

Proof. The proof is simple, but long. We provide a sketch here.

Let {aj,...,a,} be a basis for W N W;. Then we can add more vectors using Thm. 3.12 to
form a basis B; for W, and a basis By for Ws. It can then be shown that B; U B, forms a basis
for W1 —+ WQ. [ |

Theorem 3.14. Let V be a vector space and let By = {uy,...,u,} and By = {vy,...,v,} be
two bases for V. There exists v; € By such that {v;,uy,...,u,} is again a basis of V.

Proof. Let W = span{u,,...,u,}. By & W, because otherwise V = span B, C W. Then by
Thm. 3.12, there exists some v; € By such that {v;,us,...,u,} is a linearly independent set
with n = dim V' vectors, hence it is also a basis by Cor. 3.12.1. [

3.6 Direct sums of subspaces

If we have subspaces Wy, Wy in V| W, 4+ W, forms another subspace in V. We ask: how many
ways are there to write v € Wi + Ws in the form of v = w; + wo, with w; € W; and wy € Ws.

Example 3.21. Take W, as the xy-plane and W, as the yz-plane in R®. There is more than
one way to write (1,2,3) as a sum w; + we with w; € Wy and wy € W, O

Definition 3.10. W, + W is the direct sum of Wy and W, as every vector v € Wy + Wy can
be expressed uniquely as the sum v = wy + wo, with w; € W, and wy € W5. We denote it as
Wy & Ws. U

Example 3.22. The previous example with the zy and yz planes in R? is not a direct sum.
However, the zy plane and the z axis can form a direct sum that equals R? itself. U

Theorem 3.15. The subspace W1 + Wy is a direct sum of Wy and Wy iff Wi N W, = {0}.
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Proof.
(=) Take wy € Wy, wy € Wy, w € Wy N W, We can write
w1+ Wy = (W) + W) + (W — W)
Now (w; +w) € Wi and (wy —w) € Wy If Wy + Ws is a direct sum, then w; = (w; +w) and
wy = (Wy +w). Then w = 0.
(<) If Wi, N W5 = {0}, and there are two ways of writing the same vector v € W + Wa:
V=W + Wy =W + W,
with wi, w} € W, and wy, w), € Ws.

Then we can also write
W] — W] = W) — Wy

Then (w; — w}) € Wy and (W), — wy) € Wy so they are both in W; N W,, which means that
they are equal to 0. Therefore w; = w| and wy = w), and the sum of W; and W is direct. W

Definition 3.11. Let Wy, ..., W} be subspaces in V. The sum of Wi, ..., W, is the subspace
O

Definition 3.12. We say the subspace W; + - - - + Wy is the direct sum of Wy, ..., Wy if every
vector v in Wy + - -+ 4+ W}, can be expressed uniquely as

with w; € W;, 1 <i < k. We write the direct sum as
Wi@--- @ W

O

We see that the left hand side here is actually equal to the span of the unions of all the sets:
W1+-~~—|—Wk:span(W1U-~~UWk)

Hence when a sum is a direct sum, there is a notion of linear independence between the sub-
spaces.

Example 3.23. R? is the direct sum of the z, y, and 2 axes. l

Theorem 3.16. Let Wh, ..., Wy be subspaces of the vector space V- and W = Wi + -+ + Wj.
Then the following are equivalent:

i W=W, o OW,
ii. For2<j <k, Wpen (W, +---+W,_,) = {0}

17



iii. If B, is a basis for Wi for 1 <i <k and B;NB; =0 for alli # j, then B =B, U---UDBy
s a basis for W.

Proof.

((i) = (i) Assume W =W, @ ---dWi. Let 2 < j<kandveW,;Uu(W, +- -+ W,_y).
Then v e Wjand ve W, + -+ W;_.

We can write v.= w; + --- + w;_; for some w; € Wi, wy € Wy, ..., w;_; € W,;_;. We claim
that v has 2 expressions.

v=0+4+0+v+0+---+0
jth
=w;+--+wj1+0+---+0

But since the expression for v is unique, we get that w; = 0,...,w;_; = 0,v = 0. Therefore
Wi (Wi .-+ W) = {0},

((4) = (1)) Assume W, N (Wi +---+W;_1) ={0} for 2< j < k. Let we (W, +---+W).
Suppose W = Wy + - -+ + Wi = W} + - - + wy, with wy,w) € Wy, ..., wy, w, € Wj. Then
eWr+-+Wi_1

(Wi = W)+ (Wi = W y) = (W) —wi) € Wi (W + - Wyeny) = {0}

N\ J/

-

~
ewy eEWp_1 eEWy

We get wj, = wi. We can apply this repeatedly to show that all w, = w,, and so Wy +-- -+ W},
is a direct sum.

((1) = (1i1)) B = ByU---UBj spans W. We only need to show that it is linearly independent.
Suppose not. Let B = {wy,...,w,}. Then

061W1+"'—|—Oéan:O

has non-trivial solutions. But this means that there are multiple ways of writing the zero vector
in W, which contradicts the fact that W is created by direct sums. Hence B is a basis of V.

((i1i) == (ii)) Let By, = {uy,...,up}. Wi+ -+ W;_y = span{B; U --- U B,_1}, so let
B:BlLJ"'UB];l :{Vl,...,Vn}.

Take w € Wi N (Wy +--- 4+ W;_) for any 2 < j < k. Then we can write
a1u1+"'+amum:WZ51V1+"'+/ann
for some a, ..., a, B1,...,0, € F.

Rearranging, we get

aquy A+ - iy = frve = = v, =0
The vectors {u, ..., Un,v1,...,0,} = Wy UB are all unique and linearly independent, since
they are mutually disjoint and form a basis together. Hence only the trivial solution exists, and
w = 0. Therefore W, N (W, + ...+ W,_;) = {0}. |

In a way, direct sums are a way to break up and organize larger vector spaces into “components”.
We can break them up into smaller pieces that have minimal interaction with one another.
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4 Linear transformations

4.1 Linear transformations

Definition 4.1. Let V, W be vector spaces over F. A function T': V' — W is called a linear
transformation if:

1. vvl,Vg € V, T(Vl + VQ) = T(Vl) + T(Vg)
ii. Vee F,veV,T(cv) =T (v).

More concisely,
T(c1vy + cave) = 1T (vy) + 2T (v2)

0

Roughly speaking linear transformations respects the vector space operations. Note that above
V and W are defined over the same field. That is the only constraint imposed on the choice of
V and W.

Definition 4.2. A linear transformation 7' : V' — V is called a linear operator on V. A linear
transformation 7' : V' — [ is called a linear functional on V. U

Example 4.1. Define T': F" — F™ by T'(x) = Ax, for some m x n matrix A.

1 a11T1 + -+ 1Ty

9 a21T1 + - + A2 Ty
T —

Tp Am11 +--+ AmnTn

Using the rules for matrix multiplication it is easy to see that 7" is a linear transformation. In
fact, every linear transformation 7" : ' — ™ must be of this form. O

Theorem 4.1. Let F be a field and let T : F™ — F™ be a linear transformation. Then there
exists an unique A € M,,(F) such that

T(u) = Au
for every u € F™.
Proof. First we show existence. Let {ey,...,e,} be the standard basis for F". Then for any

u € F", we can express it in terms of the standard basis:

Uy
u=| : [ =we;+- - +ue,

Unp,

And therefore
T(u)=wT(e1)+ - +u,T(ey,)
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Consider the following matrix with its columns as such

T T T
A= |T(e1) T(ez) --- T(ey)
\ \ 3

It can be easily verified that this matrix is what we are looking for.
Suppose there are matrices A, B such that T'(u) = Au = Bu. Then more specifically,

T(e,) = Ae; = Bey,...,T(e,) = Ae, = Be,

Then A and B have the same columns. Therefore A is unique. [
Example 4.2. Let the zero transformation be Ty : V' — W be Ty(v) =0, Vv € V. O
Example 4.3. Let the identity operator be Iy : V. — V be Iy (v) = v, ¥v € V. d

Example 4.4. Let C(R) denote the set of all continuous real functions, and C*(RR) be the set
of all continuously differentiable functions. They are both real vector spaces, as we have shown
before.

Define D : CY(R) — C(R) as D(f) = &L, Vf € C*(R). Using the rules for derivatives, we can
see that D is a linear transformation.

We can also have another transformation 7' : C(R) — C'(R), given by T(f) = [, f(t)dt.
Using the rules for integrals, we can see that T is also a linear transformation. 0
Below are a few observations. They are fairly straightforward so the proofs have been left out.

Theorem 4.2. A linear transformation can be completely determined by its image of basis basis
vectors.

Theorem 4.3. A linear transformation sends the zero vector to the zero vector.

Theorem 4.4. If

i. {Vi,...,vp} is a basis for V, and

it. {w1,..., W, } is any set of vectors in W,

then there is exactly one linear transformation T': V. — W, with the property that

T(v;) = w; 1=1,2,...,n

Proof. For v € V| we can write it as a linear combination of the basis v = c¢;vy + -+ 4+ ¢, v,.
Then

T(v)=cT(vi)+ -+ c,T(vp)

=W+ -+ W,
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4.2 Range and Kernel

Definition 4.3. Let T : V — W be a linear transformation.

i. The kernel of T is the subset {v € V | T(v) = 0}. They are all the vectors being sent to
the zero vector. We denote it as ker(7).

ii. The range of T is the subset {T'(v) | v € V'} of W. It is the set of all images of T. We
denote it as R(T). O

0 € ker(7T') always. Also, T is surjective if R(T) = W. T is injective if Vv, vy € V,T(vy) =
T(vy) = vj = vy. In other places, injective linear transformations may be called nonsingular
linear transformations.

Lemma 4.5. Let T : V — W be a linear transformation. Then T is injective iff ker(T') = {0}.

Proof.

( ) Assume T is injective. Take v € ker(T"). Then T'(v) = 0 = T'(0). Since T is injective,
v =0.

(<= ) Assume ker(7") = {0}. Take any vy, vy € V. T(vy) = T'(vq) implies that T'(vy)—T'(vq) =
0 since T is linear. This implies that v — vy € ker(7') = {0}. Therefore v; = va. |

Theorem 4.6. Let T : V — W be an injective linear transformation. If {v,... ,v,} is a basis

for V, then B ={T(v1),...,T(vn)} is a basis for R(T).

Proof. First we show that B spans R(7T'). It is quite clear that span B C R(T’). On the other
hand, for any u € R(T), there exists some w € V such that T'(w) = v. It follows that since
w can be expressed as a1vy + - - - + a, Vv, therefore T(w) = a1T(v1) + - - - + a,T(v,) € span B.
This shows that R(7") C span B, and therefore R(7") = span B.

Now we show that B is linearly independent. Consider the equation

al(vi)+-+a,T(v,) =0
T(ayvy+ -+ a,vy,) =0="T(0)

Since T is injective this means that a;vy + -+ 4+ a,v,, = 0. But as vq,...,v, are linearly
independent, we get that a; = --- = a,, = 0 and hence B is linearly independent. |

Theorem 4.7. Let T : V — W be a linear transformation. Then

i. ker(T) is a subspace of V', and
it. R(T) is a subspace of W.

Proof.
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i. ker(T) is non-empty since 0 € ker(T") at least. Also by definition ker(7") C V. Now take
any u,v € ker(T). Then for any scalars «, 5, T(acu + fv) = aT'(u) + T(v) = 0 so
au + fv € ker(T), and it is a subspace.

ii. Now 0 € R(T), and R(T") C W by definition. Taking any u,v € R(7T), there must exist
some u', v € V such that T'(u’) = u and T'(v') = v. Hence au+ v = T'(au’ + fv’), and
since au’ 4+ Gv' € V, au+ v € R(T) and so it is also a subspace.

|
Theorem 4.8. Let A be an m x n matriz over F, and let T : F* — F™. Consider T'(u) =
Au,Vu € F". Some observations:
i. ker(T') is the solution space of the system Ax = 0.
ii. R(T') is the column space of A.

iti. Every subspace of R™ (or F™) is the solution space of a linear system Ax = 0.

Proof.

i ueker(T) <= Au=T(u) =0 <= u solves Ax = 0.
i. veR(T) <= JueF" Au=T(u) =v.

iii. This is claiming that every subspace of " is the kernel of some linear transformation

T:F" — F™
Call the subspace V. Let a basis for the subspace be {vy,...,v,;,}. We can extend it to
be a basis for F", {vy,...,Vy, Vini1, - - ., Vi }. Consider the linear transformation given by

if1<1<
T(VZ-):{O’ H1<i<m

v;, otherwise

Then it is easy to see that in this case T(u) =0 <= u eV, ie. ker(T) =V.

Example 4.5. The map T : P,(R) — M>(R) from the vector space of real polynomials of
degree two f(x) = az® + bz + ¢ to the vector space of real 2 x 2 matrices defined by

iy = (1O 8 = ()

is a linear transformation.

Assume f(z) € ker(T"). Then T'(f(x)) = 0 € My(R). Then we have constraints

—b—3c=0
a=20
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Then every f(x) = c(x? — 3z). Then {z? — 3z} forms a basis for ker(T). By Lemma 4.5, T' is
not injective.

R(T)=A{T(f(z)) | f(z) € P,(R)} > T(f(x)). We can go through the same process to find a

basis for the range:
10 00
R (GO )

Definition 4.4. Let T : V — W be a linear transformation. Assume V is finite dimensional.
Then

l

i. The rank of T is the dimension of the range of T

ii. The nullity of T is the dimension of the kernel of T'.

rank(7") = dim W iff T' is surjective. nullity(7') = 0 iff T is injective.

Theorem 4.9 (Rank Nullity Theorem). Let T : V. — W be a linear transformation. Suppose
V' is finite dimensional. Then

rank(7") + nullity(7) = dim V'

Proof. Let n = dim V', r = nullity(T") Let the basis for ker(T') be {vy,...,v,}. By Thm. 3.12,
we can extend this to a basis for V. Let the new basis be {vy,...,v,,v,11,...v,}. The vectors
{v1,...v,} are mapped to 0 € W. We claim that the other vectors {v,,1,...,Vv,} are mapped
to a basis for the range.

Take w € R(T). Then 3Iv € V.T(v) = w. We can write v = oyvy + -+ + a,,v,. Therefore
Twv)=oT(vi)+ -+ aT(v,)+ ...+ a,T(v,). But the first r terms are all sent to zero.
Therefore {T'(v,41),...,T(v,)} spans the range.

Now consider the homogeneous system

ﬁr+1T<Vr+1> +ooe 4+ /BnT(Vn) =0

Since T is linear, we can write

T(pr+1vr+1 +-+ an73> =0

~~
cker(T)=span{vi,...,v,}

Then we can write 8,41V, 11 + -+ BV = V1 + - - - + % V., for some vq,...,7. € F. We can
shift them around, —y;vy — -+ — 9.V, + Br11Vyes1 + - - - + B, v, = 0. But since all the v’s form
a basis, all the coefficients must be zero. Hence .11 = --- =5, =0, and {T(v,41,...,T(v,)}
is linearly independent. Hence it spans the range.

We get that the range is of dimension n — r and the kernel is of dimension 7. |
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Example 4.6. Referring back to Ex. 4.5, we can see that rank(7") = 2 and nullity(7") = 1, and
dim Py(R) = 3. O

Corollary 4.9.1. If V and W are finite dimensional vector spaces, with
dimV = dim W

and we have a linear transformation T : V. — W, then the following are equivalent:

1. T s injective
1. 1" 1s surjective

1. T 1s bijective

Proof.

((i) = (i1)) Let n = dimV = dim W. From Thm. 4.9, rank(7") + nullity(7") = n. Since T'
is injective, by Lemma 4.5, ker(7") = {0} and therefore nullity(7") = 0. Hence rank(T") = n =
dim W. It follows that W = R(T"), and so T is surjective.

((it) <= (i)) In this case, dim W = rank(7"). Then with Thm. 4.9, we end up with nullity(7") =
0. Therefore 7' is injective.

The other equivalences then come from definition. |

Very intuitively, we also have the following relation.

Corollary 4.9.2. Let V and W be finite dimensional vector spaces and T : V — W a linear
transformation. Then

i. If dimV < dim W, then T is not surjective.

1. If dimV > dim W, then T is not injective.
Proof. We use Thm. 4.9 throughout the proof for both parts.
i. dimV = rank(7) + nullity(7) == rank(7) < dimV. Then rank(7) < dimW so T

cannot be surjective.

ii. Suppose not. Suppose 7' is injective, then nullity(7") = 0. Then

dim V' = rank(7") + nullity(7") < dim .
<dim W 0

Contradiction.

Theorem 4.10 (Equality of Row Rank and Column Rank). Let A € M,,,,(F). The rank of the
row space of A (row rank) is equal to the rank of the column space of A (column rank).
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Proof. Let us denote the rows of the matrix A with rq,...,r,, and the columns with cy,...,c,,.
Let there be a T' : F* — F™ with T'(z) = Ax. Then ker(T") is the solution space of Ax = 0.
Let B be the reduced row echelon form of A. Then ker(T) is also the solution space of Bx = 0.
Also, the row space (and hence the row rank) of A is the same as that of B. The row rank of
B is determined by the number of non-zero rows of B. Call this value r. Then the dimension
of the solution space is n — r.

By Thm.4.9, with rank(7") being the column rank of A, and nullity(7") being the dimension of
the solution space, we see that the column rank is also r. [ |

Due to this fact, we can simply call the row rank and column rank the rank of a matrix.

Suppose we have two linear transformations and we wish to create new ones from them. There
are two obvious ways to do this.

Definition 4.5. Let 77,7, : V — W be linear transformations. Define T} +T5 : V. — W by

(Ty + T2)(v) = T1(v) + To(v)

Definition 4.6. Let T': V — W be linear transformation, o € . Define T : V — W by
(aT)(v) =aT(v)

O

At first glance, it may seem that there is a hint of vector spaces in these two definitions. Indeed!

Theorem 4.11. Let L(V,W) be the set of all linear transformations T : V. — W. Then
L(V,W) forms a vector space over F with vector addition and scalar multiplication as defined
in Def. 4.5 and Def. 4.6, and with the zero transformation as the zero vector.

In addition, if V and W are finite dimensional, then

dim L(V, W) = (dim V') (dim W)

Proof. 1t is easy (perform the routine) to check that £(V, W) is indeed a vector space. This
part is left out.

Let dimV = n and dim W = m. Assume that {vy,...,v,} is a basis for V and {wy,..., w,,}
is a basis for W. For 1 <7 <m, 1 < j < n, define T;; : V. — W as the linear transformation
that maps v; to w; and everything else to 0.

Take the set A = {T}; | 1 <j <m,1 <j <n}.Itspans L(V,W) since all linear transforma-
tions in L(V, W) can be defined by its images on the basis vectors of V', and the images can
also be defined in terms of the basis vectors for W. A is also obviously linearly independent.

Thus A forms a basis for L£(V, W). Then dim L(V, W) = ||A|| = mn = (dim V')(dim W). |

Example 4.7. Consider L(V,F), the set of all linear functionals f : V' — . This is called the
dual space of V and is denoted by V*. By Thm. 4.11, dim V* = (dim V')(dim F) = dim V. The
basis constructed in the way detailed in the proof of Thm. 4.11 is called the dual basis for the
basis of V. U
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Definition 4.7. Let T : V. — W and S : W — U be linear transformations. Define the
composite function

SoT:V=U (SoT)(v)=S[T(v)]

We may just write S o7 as ST. U

It can be shown that ST : V — U is also a linear transformation.

In a special case S,T € L(V,V) = ST € L(V,V). Hence L£(V,V) has more structure
than L£(V, W) since it has an additional operation of multiplication. We say that £(V, V) is an
algebra over .

Definition 4.8. If T € L(V,V), we will denote T'T as T?. We may define recursively 7% = I
and T" =TT L. U

Example 4.8. If f(x) =ag+ a1z + ... + a,x" is a polynomial, we can consider f(7'), with T
being a linear operator. Then f(7T) : V' — V is also a linear operator, since it is made up of the
sum of linear operators. O

Example 4.9. If T: P(R) — P(R) is given by the derivative

df
T(f)=—
(f) =5
Then in general
d»f
™ (f) =
(f)= 32

O

Example 4.10 (Application to Differential Equations). Take the set F(R,C), the set of all
functions f : R — C. Such functions are in the form of f(t) = wu(t) + iv(t). C*(R,C) C
F(R,C). Let D : C*° — C* be the operator D(f) = % =u 4.

Consider the differential equation
vy e ay +agy =0
with ag,aq,...a,_1 € C. We can recast it in this form
(D" + ap D" '+ 4+ a1 D + agl)(y) = f(D)(y)

with f(x) is a polynomial with complex coefficients of degree n, called the auxiliary polynomial
of the differential equation. f(D) : C* — C is a linear operator.

y € C™ is a solution to this equation iff f(D)(y) = 0 iff y € ker f(D). There are a few more
properties we will state but will not prove since they are out of scope.

i. It is not immediately clear that the kernel is finite dimensional, since it is a subspace of
a infinite dimensional vector space. But it can be shown that dimker f(D) = n.

ii. If f(x) has n distinct zeroes, c1, ..., c,, then {ef et .. et} is a basis for ker f(D).
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Theorem 4.12. Let U and V' be finite dimensional vector spaces over a field ' and let W be
a subspace of V. Suppose that T : U — V is a linear transformation and S ={u € U | T(u) €
W, Then

dimS > dimU —dimV + dim W

Proof. S is a subspace. We skip the proof for this part.

We claim that ker(T) C S. Let u € ker(T"). Then T'(u) =0 € W, and thus u € S.

Now pick a basis for ker(T), say {ki,...,k,}, and extend it to a basis for S, {ki,..., k,,
uy,...,u,}. Then we can extend it further to become a basis for U, {ki,...,k,,uy,...,up,
u,...,u;}. Now consider the action of T" on this basis of U:

{0,... ,0,?(u1), oo, T(uy), T(a)),...,T(u))}

AN q

~\~ -~

ew ¢w

We also claim that {T'(uy),...,T(u,)} is linearly independent. Consider the equation
aT(wy) + -+ a,T(uy) =T(ayuy + - - - + a,u,) = 0.
Therefore ajuy + - - - + a,u, € ker(7T') = span{k;, ..., k,}. Therefore
auy + - opu, = fiky + -+ Bk, = 0.
We can rearrange this to show that indeed there is only the trivial solution.

Now we extend this to a basis for W, {T'(u;),...,T(u,), wy,...,w;}. We have three groups
of vectors that we can now put together, {T'(w;),...,T(w,), wy,...,w;, T(u}),...,T(u)}. We
claim that this is a linearly independent subset of V. Again, consider the equation

leT(ul) + o+ T (uy) + frwy + - 'ﬁler%T(u;) +o T (ay) =0

-

TV
wew T(y1uy++y4up)

Therefore T'(yyu) + -+ +v,u;) = —w € W. Then yu} + --- + yu;, € S = span{ky,... ky,
uy,...,u,}. We can write

Yuy + gy = oiky s+ 0k, w4 gy,
Performing more arrangements, we will find that only the trivial solution exists.

The number of vectors in this big set, p+{+ ¢ < dim V. But dimW = p+ 1, dim S = n + p,
and dim U = n + p + ¢. Substituting, we get that dim W 4+ dim U — dim S < dim V. [ |

Theorem 4.13. Let V' be a finite dimensional vector space and T :V =V and S :V — V be
linear operators.

i. ker(T') C ker(ST).
ii. R(ST) C R(S).
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it1. Let np = nullity(T'), ng = nullity(S) and ngr = nullity(ST). Then
max(ng, nr) < ngr < ng + nr
Proof.
Take any v € ker(T"). Then S(T'(v)) = S(0) = 0. Thus v € ker(ST).
ii.
R(S) ={S(v)|veV}
R(ST)={ST(v)|veV}
={5(v) [veR(T)}
Since R(T") C V, it follows that R(ST) C R(S5).
iii. From the above two points, ny < ngr, and rank(S7) < rank(S). Using Thm. 4.9,
ng = dimV — rank(S) < dim V' — rank(ST) = ngr
The other part of the inequality is more tedious. Let {uy,...,u,} be a basis for ker(T).
Note that this means r = ny. We can extend this to be a basis of ker(ST), {uy,...,u,,

vi,...,Vs}. Now T'(vy),...,T(vs) € ker(S). We can verify that {T'(vy),...,T(vs)} is
linearly independent, and this part is skipped. This tells us that s < ng. Hence,

ner =7r+s < ny+ng

[
4.3 Isomorphisms
Definition 4.9. We say T': V — W is invertible if there exists a function S : W — V
SoT =1,V >V ToS=Iy:W-—>W
in other words,
YweV,weW, S[T(v)]=v  T[S(w)=w
We write S = T O

Also note that T is invertible iff it is bijective.

Lemma 4.14. If T : V — W is an invertible linear transformation, then T~! is also a linear
transformation.

Proof. T is surjective. Suppose T(vi) = wy, and T(vy) = wy. Then T-!'(w;) = v; and
T_l(W2> = Vao.

Since T is linear, we have

T(Ole + CYQVQ) = OélT(Vl) + CYQT(VQ) = W1 + Qe Wo

By the definition of the inverse,
T_l(alwl + OéQWQ) = O./lT_l(Wl) + OéQT_l(WQ)
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Definition 4.10. An invertible linear transformation 7" : V' — W is called an isomorphism of
V onto W. 0

So for a linear transformation T, T is bijective iff T" is invertible iff 7" is an isomorphism.
Furthermore, by Lemma 4.14, T is an isomorphism iff 77! is an isomorphism.

Definition 4.11. We say that the vector spaces V and W are isomorphic if there is an iso-
morphism 7" : V — W. We write
V=w

O

[somorphism means that two vector spaces may be different on the surface, but have identical
structures.

Theorem 4.15. IfV and W are finite dimensional vector spaces over the same field, then

VEeW <— dimV =dimW

Proof.
(=) Cor. 4.9.2.

(<= ). Assume dimV = dim W = n. Let {vy,...,v,} be a basis for V and {wy,...,w,} be
a basis for W. Let T': V' — W be the linear transformation such that

It can be checked that W = span{wy,...,w,} = R(T). So T is surjective, and by Cor. 4.9.1,

T is bijective and hence is an isomorphism. [

Example 4.11. Here are some isomorphisms:

e If dimV =n then V &£ F"
« My(R) = R?
P(C) = (R

« L(R™,R™) = M (R).

4.4 Coordinates

From the previous section we have learned that a vector space V' with dimension n has the
same structure as F". This section will aim to describe an explicit way to connect these two
spaces together.
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Definition 4.12. An ordered basis of a vector space V' is a basis of V' with a specific ordering.
O

We will write it the same way as a normal basis, but it will be made clear when a basis is
ordered. The purpose of this ordering can be seen in the next part.

For some ordered basis B = {vy,...,v,} of V, then for any v € V,
V=01V] + -+ Vy

with unique oy, ..., a,. Let
aq

Vs =

If the basis was not ordered then there would be ambiguity in the writing of this matrix.

Definition 4.13. The column matrix [v]g is called the coordinate matriz of v relative to the
ordered basis B. O

Example 4.12. Take R? and its ordered basis B = {ej, e,, e3}, the standard basis. Then for
any v = ae; + be, + ces € R:

It seems like we have done nothing. In fact, if B is the standard basis for F™, then [v]g = v for
all v.e F". U

Actually, the association of a vector to its coordinate matrix is an isomorphism.

Theorem 4.16. Fvery n-dimensional vector space V' over the field F is isomorphic to F".

Proof. Let B = {vy,...,v,} be an ordered basis for V. Define a transformation 7" : V' — F"
such that
Vv eV, T(v) = [v]s

Firstly, T is linear. The following can be easily checked:

T(au+ Bv) = [au+ Bv]s = afu]s + B[v]s = aT(u) + BT(v)

Next, T is injective. Let u € ker(T"). Then

up=T(u)=|:]|eF"

So ker(T') = {0} and therefore T is injective. Since dim V' = dim '™, T" is bijective by Cor. 4.9.1.
|
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4.5 Representation with matrices

Thm. 4.16 tells us that vectors in a finite dimensional vector space behaves like column matrices.
We like a space to look like column matrices since they have a simple structure and are easier

to manipulate.

Let T : V. — W be a linear transformation, and B = {vy,...,v,} be an ordered basis for V,
and B’ = {wy,...,w,,} be an ordered basis for W. For any v; € V and 1 < j < n,

T(V]) = Zawwz
i=1

Let veV.v=>3" a;v;, We can them obtain
n
T(v) =) a;T(v;)
=1
n m
Sy
=1 =1
m n
S S

i=1 j=1

Then

D110
n
D i—102j0

> i1 @mi

13 Q2 - Aip a1
Q21 Q22 -+ d2p Qi
Am1 Am2 - Qmnp (679

Then we see that [T'(v)]g = A[v]p, with A being the first matrix on the right hand side.

Definition 4.14. The matrix we called A in the exposition above is called the matriz of T
relative to the ordered bases B and B'. We write

A=[T|pz

Then [T(V)]B/ = [T}B’,B[V]l%

If V=W and B = B’ then we just call [T]g 5 = [T]s. O

We also have to keep in mind that in the definition above, B’ is for the co-domain and B is for
the domain. A helpful mnemonic is to keep the same symbols together, for example above we

keep the B facing each other.
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The way to understand the long calculation above is as follows. For two finite dimensional
vector spaces V, W, they both have isomorphisms to some F" and F"™ respectively. Now if we
have a T : V — W, for any v € V, [v]g € F" and [T'(v)]g € F™. Then what we have done is
find some linear map A that sends [v]|g to [T'(v)]g . It transfers the computations in the general
vector spaces to F™ and .

Figure 1: An illustration of the effect of A.

Now of course we want to know how to construct A. For 1 < j < n, we have T'(v;) = > a;jw;,
SO

[T(vi)ls =

amj
Then looking at the definition of A above, we have

A=[Tlps= ([T | [TG)s || [T(va)ls )

Example 4.13. Consider the identity Iy : V' — V and let B = {vy,...,v,} be an ordered
basis for V. Then [Iy]g of Iy, with respect to B is the identity matrix in M, (IF'), since

[Ivls = ( [vi]s ‘ [va]s \ \ Vol ) =1

O

Let us consider another question: how much information is needed to specify a vector v in a
vector space V? Let B = {vy,...,v,} be an ordered basis for V. Then v = >  o;v;. The
information is recorded in the coordinate matrix of v. This correspondence is an isomorphism.

Theorem 4.17. Let V,W be vector spaces over F with dimV =n and dim W = m. Let B be
an ordered basis for V and B' an ordered basis for W. Then the map ¢ : LIV,W) — M, (F)
given by

o(T) = [T]p 5

is an isomorphism. So L(V,W) = M,,,.(F).
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Proof. ¢ is linear. It follows from the linearity of matrix addition:

o(erTh + 1) = [Ty + o Tolp s = c1[Th]p B + c2[To]p s = c19(1h) + cap(Th)
@ is bijective. dim L(V, W) = (dim V)(dim W) = nm = dim M,,,(F) by Thm. 4.11. Then we
only need to show that ¢ is injective due to Cor. 4.9.1. So let T' € ker(y). Then ¢(T") = 0y, =

[T 5. From the way we constructed [T|z g above, we can see that [T'(v;)]p = 0 for all v; € B.
So T must be the zero transformation. Hence ¢ is injective and is thus bijective. [

The isomorphism ¢ depends on ordered bases B and B’. A different choice would give us a
different ¢.

Theorem 4.18. Let A € M,,,(F) and let T : F™ — F™ be given by

Vv e F", T(v) = Av

Let B and B’ be the standard ordered bases for F™ and ™ respectively. Then

Tgp=A
Proof.
Tap=([T(e)ls |- |[T(en)ls )

We can check that for all 1 <1 <mn,

a5

a2

T(el) = Aei =

Ami

Then the result follows. [ |

Example 4.14. Let D : P;(R) — P5(R) be

d
D(ag + a17 + asx® + azx®) = e (ao + a7 + agr? + a3x3)

Let B={fi=1,fs =, f3 = 2%, fi = 23} be the standard basis for P3(RR).

[Dls = ( [D(fy)]s |-

ER=N I
'y
—
=
N—

o O O O
o O O
O w o o
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We now wish to generalize the results to more numbers of vector spaces. Let T': U — V' and
S :V — W be linear transformations. Also let B, B’, and B” be the ordered bases for U, V, W
respectively. Consider the composition ST : U — W. What is the relationship between [T]z 5,
[S]B”,B’ and [ST]BIQB?

To find out, take u € U and

(ST (u)|gr = [ST]s 5uls

However,

Since this is true for any u, we can pick u as the basis vectors and then [ST|p» g = [S]p» 5/ [T )5 5-
Of course we can generalize this procedure for any number of transformations. Here, the
mnemonic mentioned earlier again comes in handy.

Theorem 4.19. Let F be a field. For 1 <i<r+1, let V; be a finite dimensional vector space
over F and let B; be an ordered basis for V;. For 1 < j < r, letT; : V; = Vi1 be a linear
transformation. Consider the composition

T = O Tk

Then
T18,1.8. = [T¥]B,1,8. [Tr-1]5,.8,_, - [T1] 5,5,

Corollary 4.19.1. Let T : V. — W be an invertible linear transformation. Then [T]g,l’B =
[T—l]gylg/.

Proof. T=' : W — V is also an invertible linear transformation. 77! = Iy and T7'T = I,
are the identity operators. Then by Thm. 4.19, we get the result. |

4.6 Change of basis

A special case may be interesting. If we take the identity operator Iy on V', and let B and B’
be two ordered bases for V', then

Ivlss = Ivlz s

Perhaps now we can ask, if we have two bases B and B’ for a vector space V', what are the
relationships between [v]|z and [v]g/, and between [Tz and [T]g?

Theorem 4.20 (Change of basis). Let V' be a finite dimensional vector space and let B and
B’ be two ordered bases of V. Then for any v € V,

Vs = [Iv]ss V]
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Proof.
s = [Iv(v)]s = Iv]s s [v]s

Definition 4.15. The matrix P = [Iy]gp is called the transition matriz from B’ to B. O

Theorem 4.21 (Change of matrix). Let V' be a finite dimensional vector space and let T :
V' — V be a linear operator. If B and B' are two ordered bases of V and P = [Iy|gp is the
transition matrixz from B’ to B, then

Proof. T =1y oT oIy. Then with Thm. 4.19,

[T = [y o T olylp

= Iyl s8[T]81v]ss
= PU[T)gP

Example 4.15. Let T : R?> — R? be the linear operator given by
7l (*)| = Tty (1 1\ (=
y)| \—2z+4y) \2 4] \y
dB={ene} and B ={u = (), up= (1)} Then [T]5= (1 *
an = 1€1,€e2; an =4qUu = 1 ,Ug = 9 . en B = 9 4)

Let P be the transition matrix from B’ to B. Then

P =Ml = (s [ fuals ) = (7 )-

Using Thm. 4.21,
1 (20

This illustrates a reason why we may be interested in a change in basis. The new [T|p is
diagonal and much simpler than the original. This would be something we will take on in a
future section. O

Definition 4.16. Let A and B be two n x n matrices over the field . We say that B is similar
to A over F if there is an invertible n x n matrix P such that

B =P AP

This is an equivalence relation on M, (IF). O

The meaning of this definition is apparent from the following theorem.

Theorem 4.22. Let V' be a vector space and T : V' — V be a linear operator. Then matrices
A, B, are similar iff A, B represent the same operator T .
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Proof.

( = ) Let B be an ordered basis of V' such that [T]g = A, and some invertible P such
that B = P~'AP. We want to find another ordered basis B’ of V such that [T|z = B. Now
since P is invertible, by Thm. 3.5 its columns are linearly independent. Hence if we write
P=([vi]g --- [va]g ), it can be shown that B’ = {vi,...,v,} is also linearly independent
and hence forms a basis for V', and thus P = [I]|p'.

(<= ) Thm. 4.21. |
This allows us to define the determinant of a linear transformation. From Thm. 4.22, we can
see that it is well defined.

Definition 4.17 (Determinant of a linear transformation). Let 7' : V' — V be a linear operator.
Let B be an ordered basis of V. We define

det T' = det[T'),

5 Diagonalization and Jordan canonical form

5.1 Diagonalization

In this chapter we shall focus only on linear operators T': V' — V where V is a finite dimensional
vector space.

Using ordered bases, T' can be represented by matrices. Each basis will give us a different
matrix. Naturally, we will want to know how to choose the basis to find the “nicest” matrices
to represent 1.

Example 5.1. Let T': V — V be a linear operator. Let B = {vy,...,v,} be an ordered basis
of V, and let [T]g = D such that D is diagonal.

A 0 0 0
0 X O 0

D=[0 0 X O =[Ts=(1T)ls| [T(v)ls |- | [T(va)ls )
0 O 0 An

Then

T(Vl) = )\1V1 + 0V2 + -t OVn = )\1V1
T(ve) =0vy + Aava + -+ -+ 0v,, = Agvy

T(vyp) = AV
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Assume that Ay,..., A # 0, and A\,y1 = A\, = 0. For any v € V, we can write v =Y. ¢;v;.
Then

T(v) = Z ¢;T(v;)

'
= E CiAiV;
i—1

Therefore, R(T) = span{vy,...,v,} and ker(T') = span{v,,1, ..., v, }. Diagonal matrices make
it convenient if we want to know the range and kernel for an operator. Another convenience
brought about by diagonal matrices is

N0
[T%]s = D" =

This motivates us to the following definition:

Definition 5.1. A linear operator 7' : V' — V is called diagonalizable if V has an ordered basis
B such that the matrix [Tz is diagonal. O

Moving forward, we will address these questions.

1. Is every linear operator diagonalizable?
2. If not, which linear operators are diagonalizable?
3. If operator T' is diagonalizable, how do we find a basis B for which [T is diagonal?
4. If operator T is not diagonalizable, what is the simplest form of their matrix representa-
tion?
The way we answer these questions is to consider diagonalizing matrices instead of linear
transformations, and move the computation to something more familiar.

Definition 5.2. Let V be a vector space over a field F and T : V' — V be a linear operator.
A scalar A € IF is an eigenvalue of T is there exists a non-zero vector v € V such that

T(v)=Av
and v is called the eigenvector of T' corresponding to the eigenvalue \. 0
Then we can make the observation that 7' : V' — V is diagonalizable iff V' has a basis B
consisting entirely of eigenvectors of T'. Then the diagonal entries of [T]s are the eigenvalues
of T'. Therefore in order to determine if 7" is diagonalizable, we have to find all the eigenvalues

and eigenvectors and check if there are enough to make up a basis. This begs the question, how
do we find the eigenvectors?

37



Let Iy : V — V denote the identity operator on V. Then

T(v)=Av < T(v) = Ay(v)
<~ (T — /\Iv)(V> =0
< v € ker(T — \ly)

Therefore,

A is an eigenvalue of T <= 3v € ker(T' — A\Iy),v #0
< ker(T — A\ly) # {0}
<= T — Ay not invertible (" not injective)
< det(T — A\Iy) =0

Definition 5.3. If A is an eigenvalue of the linear operator 7' : V' — V then the subspace of V
Ey=ker(T = ANy)={veV|T(v)=Av}

called the eigenspace corresponding to the eigenvalue A. It contains all eigenvectors associated
with A and the zero vector. U

If B is an ordered basis of V' and A = [T'], then

[T — Ay]g = A — Al

From Def. 4.17, we know that

det(T — AT) = det(A — AI)

and
A is an eigenvalue of ' <= det(A — A\I) =0
<= x = \is a solution of det(zI —A)=0
Let
r — a1 —ai12 —ai3 ... —Q1p
—a9 T — 929 —a9g3 ... —Q9p
ca(r) =det(zl — A) =det | —aa —Q32 T — Az ... —d3g
T — Ap1 —Qp2 —Qp3 e —App

ca(x) is a monic polynomial of degree n. A monic polynomial is one whose leading coefficient
is 1, that is ca(x) = 2™ + b, 12" + -+ bz + by. The eigenvalues of T are the roots of ca(x).

Definition 5.4. Let A € M, (F). Then

i. The characteristic polynomial of A is ca(x) = det(zI — A).

ii. The characteristic equation of A is c(x) = 0.
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iii. A scalar A € F is an eigenvalue of A is there is a non-zero vector v € F" such that
Av = Av. Then v is an eigenvector of A corresponding to A.

iv. If X is an eigenvalue of A, then the eigenspace of A corresponding to A is the subspace
Ey ={v e F* | Av = Av} of F". E, is also the solution space of the linear system
(A-ADx=0.

The eigenvalue-eigenvector problem for matrices. Let A € M, (F).

1. To find the eigenvalue of A, we solve the characteristic equation of the matrix.

2. To find the eigenvectors corresponding to the eigenvalue A, we solve the homogeneous
linear system

(A=AD)x =0

We have seen that the eigenvalues of T': V' — V are the eigenvalues of any matrix representation

of T. We fix an ordered basis B and solve the eigenvalue-eigenvector problem for the matrix
A= [Tz

Also, v is an eigenvector of T' corresponding to the eigenvalue \ iff [v]z is an eigenvector of
A = [T corresponding to the eigenvalue A, since [T'(v)|g = A[v]s.

Definition 5.5. Let T : V' — V be a linear operator. Then the characteristic polynomial cr(z)
of T is the characteristic polynomial of any matrix which represents 7.

If B is a basis for V and A = [T]g, then cr(x) = ca(x). The equation cr(z) = 0 is the
characteristic equation of T.

0

The characteristic polynomials are the same regardless of the matrix that we choose to represent
T, since they are all similar, and have the same determinant.

Definition 5.6. Let A € M, (F). A is diagonalizable over T if there exists an invertible matrix
P over I such that the matrix
PTAP

is diagonal. 0
Theorem 5.1. A linear operator T' : V. — V s diagonalizable iff any of the matrices which

represent T is diagonalizable.

Proof.
( =) Pick any basis B and represent T relative to this basis. Let A = [T']z. Suppose we also

find some basis B’ consisting entirely of eigenvectors such that D = [T]g is diagonal. From
Thm. 4.21, we can find P such that [T]g = P7![T|zP. [ |
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Does every matrix have an eigenvalue? Since not all polynomial equations have roots, the
answer is no. It also depends on the field we are in. A simple example is the equation 2241 = 0.
Nevertheless, from the fundamental theorem of algebra we know that every polynomial of degree
n has n solutions in C. Then we can write our monic complex polynomial as

Co+ e+ ez = (z = b)™ (= b))

where by, ..., b, are distinct and m;, ..., m, are positive integers called the multiplicity of the
corresponding root b;. Then in fact all matrices in M, (C) have eigenvalues in C.

From Def. 5.4, for some A € M,(R), the eigenvalues will differ depending on if we treat it as a
real matrix or a complex matrix, since the eigenvalues and hence the eigenvectors must come
from the same field.

0

Example 5.2. Let A = (1

_01). Then c4(z) = 2% + 1.

A has no eigenvalues if we treat A as a real matrix.
If Ais a complex matrix, then x = 47 are its eigenvalues and (i) and (EZ) are its eigenvectors.
O

5.2 Diagonalizability

Let linear operator T : V' — V be diagonalizable, and B be a basis for V' consisting entirely of
eigenvectors. Suppose Ay, ..., \; are distinct eigenvalues of T'. Rearrange the basis elements so
that the first d; vectors all have eigenvalue \{, the next ds vectors have eigenvalue A9, and so
on. Then
M1y, 0
Aolg,

[Ts = Asla,

0 Aol

where I, is an identity matrix of size d; and the zeros are all appropriately sized.

Then cp(x) = (2 — A\)% -+ (z — A\ )%. This can be seen if we write the entire matrix out:

A
0

Ak
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With Def. 5.4 we can also see why for the eigenspaces E,,, dim F), = d;. Also of course
di + - -+ di = n. These form a set of necessary conditions for diagonalizability.

Theorem 5.2. Let T : V. — V be a linear operator. If {v1,...,v,} is a set of eigenvectors,
each corresponding to a distinct eigenvalue, then it is linearly independent.

Proof. We perform induction on the number of eigenvectors. {v;} is linearly independent.
Suppose {vy,...,v,} is linearly independent for 1 <n <m — 1.

Let us consider the case where n = m, so we check the equation a;vy + --- + a,,v,,, = 0. We
can write —a,,v,, = a1Vy + -+ apym_1Vm—1. Applying T on both sides and rearranging, we get

6Ll)\lvl +- CLm—l/\m—lvm—l = _am/\mvm
- al)\mvl +-- CLm—l/\mvm—l
al()\l — )\m>V1 + -+ Cmel(Amfl — )\m)mel =0

Since the eigenvalues are distinct, (A; — A\,,) # 0 for all 1 <4 < m. But since {vy,...,v,,} are
linearly independent by our original supposition, aq,...,a,_1 = 0. Since v,, # 0, then a,, =0
as well. Hence they are linearly independent. [ |

Corollary 5.2.1. Let T : V. — V be a linear operator. If dimV = n and T has n distinct
eigenvalues, then it is diagonalizable.

Proof. Let Ai,..., )\, be n distinct eigenvalues of T', and let the corresponding eigenvectors be
Vi,...,Vy. By Thm. 5.2, B = {vy,...,v,} is linearly independent, and by Cor. 3.12.1, it is a
basis for V. Then [T is diagonal. |

Note that this does not mean that operators with less than n distinct eigenvalues are not
diagonalizable.

Theorem 5.3. Let T : V. — V be a linear operator and \q, ..., \,. are distinct eigenvalues of
T. The following are equivalent:
1. T is diagonalizable.
1. The characteristic polynomial for T is
er(x) = (2 — X)) (2 — \)Y
where dim By, = d; fori=1,... 7.
wi. dim By, + -+ E), =dim V

. V:E)\IEB"'EBE)\T.

Proof.
((i) = (7i)) The necessary conditions expounded above show this.

((it) = (i17)) We can see that dy + - - - + d, gives the degree of cp(x). The degree is equal to
n = dim V since it is derived from the determinant of a n x n matrix.

41



((#4i) = (iv)) Foreach 1 <i <, let B; = {vi,..., Vg, } be a basis for E),. Let B =J; B; =
{Vi1,- s Vidys- -, Vo1, .-, Vg, b Now all the B; are pairwise disjoint since a vector cannot be
an eigenvector for two eigenvalues. There are exactly n = dim V' vectors in B. We claim that
they are linearly independent. Consider the equation

Qv+ Qg Vig ot T @iV, o, Qg Vg, = 0
wV - N TV -
W1 Wi

All w; are also eigenvectors corresponding to eigenvalue \;. However, from Thm. 5.2, all w;’s
are linearly independent. Therefore all w; = 0. Then this means

Q1 Vil + o 4 g, Vig, = Wi = 0
so we get that all o’s are 0.
Then, B forms a basis for V. By Thm. 3.16, condition (iv) follows.

((iv) = (i)) Taking the bases of the eigenspaces, Thm. 3.16 tells us that the union of all
these bases form a basis for V. We now have a basis formed of only eigenvectors. By Cor. 5.2.1,
T is diagonalizable. L

Hence, to know if A € M, (F) is diagonalizable, we find all the eigenvalues of A, and a basis
for each of the eigenspaces. Then A is diagonalizable only if there are a total of n vectors in all
the bases.

Theorem 5.4 (Diagonalizing a matrix). Let B = {vy,...,v,} be a basis of F" consisting of
eigenvectors of A. Form the matriz P = ( vy ‘ Vs ‘ ‘ Vi ) Then P~YAP is diagonal. More
specifically, if each v; is the eigenvector associated with eigenvalue \;, then

A00 0
PlAP = 00
0
An

0 0 O

Proof. This is in fact just a change of basis. Let L4 : F" — F™ defined by L4(v) = Av. Then
[La]s = A where S is the standard ordered basis of F". Then

A 0 0 0
0 X 0 O
Lale= (vl | [ atsle) = | 02 0
0 0 0 A
We also know that [La]g = [I|p.s[La]s[I]ss. We can see that P = [I]g . n

Example 5.3. We have seen before that if we have a complex matrix A = ((1) _01), then

l

1) and (_Z) are its eigenvectors. These two eigenvectors

1
T =1
1 1

x = 41 are its eigenvalues and (

), then P~'AP = (Z 0.). O
0 —2

form a basis for C?. Furthermore, if P =
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5.3 Invariant subspaces

Definition 5.7. Let T : V' — V be a linear operator. A subspace W of V is called a T-invariant
subspace of V if T(W) C W. O

Some observations:

Clearly {0} and V itself are T-invariant.

Since 0 € ker(7T'), ker(T') is also T-invariant .

R(T) is also T-invariant since applying 7" to vectors in it must still result in something
in the range.

« Eigenspaces are T-invariant. Applying T" to any eigenvector only scales it, hence the result
is still in the eigenspace.

Example 5.4. Let T : R?* — R3 be given by
T rT+y+z
T y| = y+z
2 2

We see that for vectors on the xy-plane,

is also in the xy-plane. So the xy-plane is T-invariant. U

Example 5.5. Let D : P3(F) — P3(IF) be the linear operator given by

d
D(ag + ayx + ag2® + aszz*) = o (a0 + a1z + axz” + azz?)

Consider Py(IF):
D(ag + a1x + a,z°) = a1 + 2a,x € Py(FF)

So P»(IF) is D-invariant. O

Definition 5.8. Let T': V' — V be a linear operator and let W C V be a T-invariant subspace
of V. Then define Ty, : W — W as

Vw e W, Tw(w) = T(w)
Tw is a linear operator on W called the restriction of T to W. U

Theorem 5.5. If T : V — V is a linear operator and W C 'V is a T-invariant subspace of V,
then the characteristic polynomial of Ty, divides the characteristic polynomial of T'.
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Proof. Let dimV = n and dimW = m. Take a basis for W, B = {wy,...,w,,}. We can

extend this to a basis for V., B = {wy,..., Wy, Wpt1,...Wp}. Let A = [T]p = (a;;), and
B = [Tw]s = (by).
Then
T(W]) = Zaijwi, 1 S] S n
i=1
i=1

Since W is T-invariant, T'(wy), ..., T(w,,) € W = span{wy, ..., Wy, }. So T'(wy),...,T(w,,) are
linear combinations of wy,..., Wy, only. Thus for 1 < j <m, T(w;) =37 byw; + . ;0.

Therefore we know that (the other parts in asterisk we have no information about):

b11 blm ) %k %k
A b1 oo by xxx| [ B | %
o 0 0 xx % | Om * sk
0 0 #xx%

The characteristic equation of T’

cr(z) = det(zI, — A)

zl, — B —%
= det ( 0 zl,, — **)

= ey (2)q(2)

where ¢(x) is some polynomial, since for triangular matrices the determinant is just the product
of diagonal entries. u

Below is one of the simplest ways to create an invariant subspace.

Definition 5.9. Let T': V. — V be a linear operator and let u € V' be a non-zero vector. The

subspace
W = span{u, T(u),T*(n), ...}

is called the T-cyclic subspace of V' generated by u. U

Lemma 5.6. Let T : V — V. If W is a T-cyclic subspace of a vector space V' generated by
some non-zero vector uw € V', then W is T -invariant.

Proof. Let w € W. Then w = cou + c;T(u) + c2T%*(u) + - - - + ¢, 7™ (u). Note that we cannot
go on forever, since by definition even for spans of infinite sets we can only take finite linear
combinations. Then T'(w) = ¢oT'(u)+c;T?(u)+- - -+c, 7" (u) € span{u, T'(u), 7%*(u),...}. A

Are the spanning sets always infinite?
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1

Example 5.6. Let us revisit 7' from Ex. 5.4 again. Take u= | 0 |. But u=T(u) = T?(u) =

0
-+-. So the T-cyclic subspace generated by u is just spanned by u itself, i.e. the z-axis.
0
However if we take u = [ 1 |, we get that
0
1 2 3 n
Tu) = |1 T*(n) = [1 ()= (1 T'(u)= |1
0 0
and the T-cyclic subspace generated by this new u is actually the zy-plane. 0

Theorem 5.7. Let T : V. — V be a linear operator. Let W be the T-cyclic subspace of V
generated by a non-zerou € V and dim W = n.

1.

The set {u,T(u),T*(u),...,T" 1 (u)} is a basis for W.
There exist scalars ag, . ..,a,—1 such that

aou + a;T(u) + -+ a, 7" (u) + T"(u) = 0
and the characteristic polynomial of Ty s given by

ey (1) = ag + x4 -+ ap_ 2"+ 2"

Proof.

1.

Since u # 0, {u} is linearly independent. Take {u,T'(u)}. If this is still linearly indepen-
dent, we take {u,T'(u), T?%(u)}. If this is still linearly independent, we add 7°(u), and so
on. This will terminate at some point since W is finite dimensional.

Let k be the largest integer such that B = {u,T(u),...,T*"1(u)} is linearly independent.
There are k vectors in B. Let W’ = span(B). Since BC W, W' C W.

By the definition of k, B U {T%(u)} is linearly dependent. Then there exists scalars
bo, ..., b, not all zero, such that

bou + by T(u) + - + b T* 1 (u) + b, T*(u) = 0
br. # 0 since that would imply B is linearly dependent. Then we can rearrange and express

T*(u) as a linear combination of the vectors in B.

Then W' is T-invariant. For any w € W', we can write w = cou+ - - - + ¢, 7% 1 (u), and
T(w) =coT(u) + -+ c_1T*(u) € W' as we have shown above.

Hence we can also inductively show that 7" (u) € W’. Then all the spanning vectors for
W are in W’. Therefore W C W’ and we conclude that W = W’ with B as a basis for
Ww.
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ii. By definition,

[Twls = ( [Tu()]s | [Tu(T@))]p |- | [To(T" ()]s )
= ([TW]s [ [T*(W)]s |- [ [T"()]s )
0 0 0 —ayg
1 0 0 — Qa1
— 0 1 0 —as
(:) 0 1 _a:n—l
where ag, ..., a,_1 are scalars such that

apu + - - - @ T" (1) +T"(u) = 0

as we have shown previously.

Then the characteristic polynomial can be shown to be (with lots of induction):

T 0O 0 ... 0 Qg
-1 x« 0 ... 0 ay
cry(z)=det| 0 =1 = ... 0 )

0 O O —]. I"i‘an—l
z 0 0 ay
-1 =z 0 ao -1z 0

=axdet| 0 —1 0 s [ +(=1)"apdet |

0 O P _1 xr —'I_ an—l :(_‘lr)nfl

TV
=a1+azz+-+an_1z" " 24zn1

= a4+ + -+ ap 2" 42"

n
5.4 Cayley Hamilton theorem
Definition 5.10. If 7' : V' — V is a linear operator on a vector space V over F and f(x) =
ao + a1z + asx? + -+ - + a,z" is a polynomial over I, then f(T') is the linear operator
f(T) = aoly +a1T + ayT? + - -+ + a,T"
Similarly for matrix A € M, (IF), f(A) is the n x n matrix given by
f(A) = aol, + a1 A+ agA* + - - + a, A"
If B is an ordered basis for V and [T]z = A, then
[fF(T)]s = f(A) (1)
O
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can be shown to be ca(x) =

o NN O

0
Exercise. The characteristic polynomial for A = | 1
1

W =

2 — 522 + 8z — 4.

Surprisingly, a simple calculation shows that

Is this a coincidence? It is not, and the Cayley Hamilton theorem will tell us so. Perhaps some
motivation or intuition at first:

Assume a linear operator T : V' — V is diagonalizable. Then V is the direct sum of the
eigenspaces of T', by Thm. 5.3. Not only is an eigenspace the space containing some eigenvectors,
it is also ker(7"— A\,I) (see Def. 5.3).

If er(x) = (x — A\p)% - (2 — \p)%, then cp(T) = (T — MIy)% - (T — N\, Iy)%. Since V is
the direct sum of these eigenspaces, we can write every v € V as a linear combination of
eigenvectors. Now we can see that cr(7T") will kill off eigenvectors in each space one by one,
since the eigenvectors are in the kernel of one of the terms in ¢r (7). So it sends v to 0.

However this is a special case that the transformation is diagonalizable. In general, can we still
say the same?

Theorem 5.8 (Cayley Hamilton theorem). Let T' be a linear operator on a finite-dimensional
vector space V', and let cp(x) be the characteristic polynomial of T. Then

CT(T) = T()
where Ty 1s the zero transformation.
Proof. Similar to above, we shall show that Vv € V,ep(T)(v) = 0. It is trivial if v = 0.

Otherwise, let W = span{v,T(v),T?(v), ...}, the T-cyclic subspace generated by v. Let m =
dim W.

By Thm. 5.7, there are scalars aq, ..., a,,_1 such that
agv+aT(v) + -+ ap T Hv)+T™(v) =0

and
ey (T) = apx + x4+ -+ + a2+ 2™ =0

where Ty is the restriction of T to W. Then,
cry (T) = aoly + a7+ - + U 1 T P4+ T™ =0

Looking again, we see that we have shown that (c¢z,, (17))(v) = 0. However, Thm. 5.5 tells us
that cgy, () divides c¢p(x). Therefore for some polynomial ¢(X),

cr(z) = q(x)erny, ()
er(T) = q(T)ery, (T)
cr(T)(v) = q(T)[ery, (T)(v)]
0
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Theorem 5.9 (Cayley Hamilton theorem for matrices). Let A € M, (IF) and let ca(x) be its
characteristic polynomual. Then

18 the n X n zero matriz.

Proof. Define T': I — F" with T'(v) = Av. Let B be the standard ordered basis of F". Then
[T]s = A, and 0 = [ep(T)]s = cr(A) = ca(A). m

We are now interested to know, are any other polynomials p(x) such that p(A) is the zero
matrix? Yes, and an easy example will be any multiple of c4(z). However this is not very
exciting. Could we perhaps find a polynomial with a lower degree than c(z)?

00 -2

Exercise. Reusing the same matric A= |1 2 1 | a quick calculation shows that for p(x) =
1 0 3,

(z = 1)(z = 2),
p(A) =03

but p(x) has a lower degree that c,(x).
Definition 5.11. Let A be an n x n matrix over F. The minimal polynomial of A is the
polynomial m 4 (z) with coefficients in F such that

i. ma(x) is monic,

il ma(A) = 0,,

iii. my(z) has the smallest degree possible.

O
Theorem 5.10. If p(x) is a polynomial such that p(A) = 0,, then the minimal polynomial
ma(z) divides p(x).
Proof. p(x) = ma(x)q(z) + r(x), from division of polynomials. Now either r(z) is zero or it is

a polynomial with degree less than degree of m ().

Suppose 7(zx) is not zero. Then

r(A) = p(A) —ma(A)q(A)
=0, —0,9(A)

Now m4(x) has higher degree than r(z), but also r(A) = 0,, which means m(z) cannot be
the minimal polynomial. Hence r(x) must be zero. |

Theorem 5.11. Similar matrices have the same minimal polynomial.
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Proof. Suppose we have two similar matrices A, B, and some invertible matrix P such that
B =P 'AP.

Take a non-zero monic polynomial f(z) = 2™ + a, 12" ' + ...+ ag. Notice:

f(B) =P "A"P +a, 1PT'A" P+ ... +ag
= PP

Therefore ma(B) = P~'ma(A)P = 0,and 0 = mg(B) = P~'mp(A)P, so with the properties of
minimal polynomials, we gather that m 4 and mpg divides each other. Therefore my = mpg. R

Definition 5.12. The minimal polynomial my(z) of a linear operator T : V' — V' is defined
as the minimal polynomial of any matrix which represents 7' U

Theorem 5.12. mp(A\) = 0 <= cr(\) = 0. In other words, the minimal polynomial and
characteristic polynomaial have the same roots.

Proof.
(=) mr(x) divides cr(x). So if mp(A\) = 0, then c¢p(N) = g(A)mp(A) = 0.

( <) Suppose cr(A) = 0. Then there exists an eigenvector v such that T'(v) = Av. Also if A
is an eigenvalue for A, then A\ is an eigenvalue for A*. Thus [mr(\)]v = [m¢(T)](v). However
[mr(T)](v) = 0. So since v # 0, mp(\) = 0. |

Theorem 5.13. If A € M, (IF) is invertible, then there is a polynomial g(x) with coefficients
in F such that g(A) = AL

Proof. Take the characteristic polynomial of A, ca(z) = ag+ a1z + ...+ ap_ 12" 1+ 2" ag # 0
otherwise c4(z) = z(ay+. ..+ a, 12" ' +2""!) and 0 is an eigenvalue for A. But A is invertible,
so 0 cannot be its eigenvalue. So therefore we have

ca(z) —z(ar + ... Fa,_ 12"+ 2" = aqg
ca(A) —Alay + ...+ A"
Qo

=1

Ag(A) =1

thus g(A) = A—l where g<$) — _al+~~~+an_1x”*2+xn*1 . .

ag

5.5 Jordan canonical form

In this section, we will assume all our matrices are complex matrices.

Not all matrices can be diagonalized. What is the next best thing we can get?

Definition 5.13. Let A € C. The k x k matrix

A1 -+ 0 O
Oox 1 --- 0
Je(N) = o
o0 --- XA 1
00 -~ 0 X
is called a Jordan block of order k corresponding to . 0
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The characteristic polynomial for a Jordan block is ¢ , () (z) = (2 — A)*. Its minimal polynomial
is the same as its characteristic polynomial. To see this, we can look at the action of (J(\) —AI)
on itself — it just shifts all the rows up once. Also we can also see that it only has one eigenvalue
A and one eigenspace, span{e; }.

Theorem 5.14 (Jordan canonical form). Let A be an n X n complex matriz. Then there exists
an invertible matriz P such that (in block form):

Ty (A1) 0 S 0 0
0 Ty (Ag) -+ 0 0
PlAP =J = L
0 0 v e (Aes) 0
0 0 0 Ju(\)

where Ji,(\;) are Jordan blocks. They are unique up to reordering. The matriz J is called a
Jordan canonical form of A.

For linear operators, let T': V' — V be a linear operator. Take any ordered basis B of V' and
consider A = [T'|g. Then A is similar to a matrix J in Jordan canonical form. There is a basis
B’ for V' such that [Tz = J. We call J a Jordan canonical form of T.

This theorem is remarkable since it applies to any square complex matrix, unlike diagonaliza-
tion. Every square complex matrix is similar to a matrix in Jordan canonical form. In some
sense this is the nicest matrix that is similar to A, as it gives us information regarding A.

The characteristic polynomial of A, ca(x) = c;(z) = (x — M)*(z — Ag)* -+ (z — \)* and
A1, ..., A, nOt necessarily distinct, are the eigenvalues of A.

If we rearrange the blocks such that the largest blocks associated to the s distinct eigenvalues are
placed at the front, the minimal polynomial of A, ma(x) = my(x) = (x—X)* (x—X)*2 -+ (2 —
A )R

If all the Jordan blocks in a matrix’s Jordan canonical form are of order 1, then it is diagonal-
izable. This gives us the following result.

Corollary 5.14.1. A matriz A is diagonalizable iff the roots of its minimal polynomial are

distinct, i.e. ma(x) = (x — A1) -+ (x — Ap).

It is generally difficult to determine the Jordan canonical form of a matrix. However using
information from the characteristic and minimal polynomials we can limit the domain of our
search.

Example 5.7. Let A € M, (C) such that
ca(r) = (v = 5)'(z — 2)? ma(z) = (z = 5)*(z - 2)
Since ca(x) is of degree 6, n = 6. The eigenvalues of A are 5 and 2. From c4(x) we can tell the

number of times the eigenvalues appear on its diagonal. The minimal polynomial then tells us
that the largest Jordan blocks are J5(5) and J1(2).

Hence in total, we have J5(5), two copies of J1(2), and a choice between a single J5(5) or two
copies of J1(5). O
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Example 5.8. Let T': V — V be a linear operator on a complex vector space V. Let there be
an ordered basis B = {vy,...,vg} for V and let

J5(2)
15 = 8
0
It has eigenspaces
Ey = span{vy,v4} E3 = span{vs} Ey = span{v;}
by inspecting the position of the blocks. So this operator is clearly not diagonalizable.

We can express T'(v;) in linear combinations of elements in B.

T(vy)=2v — (T'—-2I)(v;)=0
T(vy) = vy +2vy — (T —2I)*(v3) =0
T(v3) = vy + 2v3 = (T —2I)*(v3) =0
T(vy) =vy — (T —2I)(v4) =0

and so on. We see something interesting here. The four vectors are eliminated using different
powers of (T — 2I). However, all of them are eliminated by (T' — 2I)3. Hence if we let Ky =
span{vy, va, v3, v4}, we see that Ky = ker(T — 2I)?. Recall that eigenspaces can be expressed as
ker(T'— AI). We call subspaces like K, that are kernels of higher powers of (T'— AI) a generalized
etgenspace.

In fact, V = ker(T — 2I)? @ ker(T — 3I)? @ ker(T')?. All of them are T-invariant subspaces. This
means that for more complicated vector spaces, we can find the restriction of T" on each of these
subspaces and T" will behave in a very simple way on them. O

6 Inner product spaces

6.1 Dot product

The length of a vector u € R?, denoted ||u||, is given by Pythagoras’ theorem. The familiar dot
product is also defined as u - v = ||ul|||v|| cos @ where @ is the angle between the two vectors.
Using the cosine rule on the triangle with two sides formed by the two vectors, we get

2 2 2
u =" = Jul]” + [[v[|” = 2[lufl]|v] cos &

and rearranging,
1 2 2 2
w-v =S (ul” + VI = flu = v[7)

If we have the coordinates of the two vectors, say u = (ay, by, ¢,) and v = (a,, b,, ¢,), plugging
them in and simplifying gives us

u-v =a,a, + b,b, + c,c,
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This is a familiar relationship but it highlights a few properties of the dot product. It relates
length, angle and distance, and is surprisingly easy to compute. This serves as our motivation
to study this further.

So far we have been in R® where the idea of length and distance is easily conceptualized.
However for other vector spaces, can we define such notions? Furthermore, can we transfer our
geometrical ideas to such spaces?

Above we know what is length, distance and angle, and we used that to define the dot product.
However, in a general vector space we have no physical interpretation of lengths and angles,
hence we will first define a “dot product” and use that to investigate length, distance, and
angle.

6.2 Inner product

We assume in this section that our vector spaces are either real or complex since we are trying
to imitate R? for now.

Definition 6.1 (Inner product). Let V' be a vector space over F where ' = R or ' = C. An
inner product on V is a function
(u,v) = (u,v) e F

such that

IP1) Yu,v € V,(u,v) = (v,u) where the bar denotes complex conjugation.

(
(
(IP3) Vu,v € V,Va € F, (au, w) = a(u, w).
(

)

IP2) Vu,v,w € V,(u+v,w) = (u,w) + (v, w)
)
)

[P4) Vv eV,v#0 = (v,v) > 0. Also (0,0) = 0. O

The necessity for complex conjugate in (IP1) is demanded by (IP4). These set of rules will also
help us define lengths. We will see them later below. We follow with a few observations about
the inner product.

If V is a real vector space, then (u,v) = (v,u). The inner product is symmetric.
We can also combine (IP2) and (IP3) into
(au+ v, w) = afu,w) + F(u, )

for some «, f € IF. We say that the inner product is linear in the first variable. Only when the
field is R does the inner product become linear in the second variable as well:

(w,oau+ v) = (au + fv,w)
= a(u,w) + f{v,w)
= a(w,u) + B(w, V)

We say that the inner product is conjugate linear in the second variable.

For any v € V| (0,v) = 0. This is quite simple to show:
(0,v) =(0+0,v) =2(0,Vv)
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Definition 6.2. An inner product space is a real or complex vector space V together with an
inner product (-, ). O

Example 6.1. R" with (u,v) =u-v = wv; + - - -+ u,v,, called the dot product or Euclidean
inner product, is an inner product space. 0

Example 6.2. In C", (,u,v) =u-v = w0 + -+ + u, - U,. Now we see why (IP1) requires
the complex conjugate — it guarantees us (u,u) > 0 since 2% = |z|> > 0. O

Example 6.3. Let V = M, (F) where F = R or I = C. For A, B € V, we can define
(A, B) =tr(B*A),
where B* is the conjugate transpose of B. This is an inner product on V. If we let A = (a;;)
and B = (b;;), then
(A, B) =" ayby.

i=1 j=1

O

Example 6.4. Let V = ([0, 1], the space of all continuous real-valued functions on the interval
[0,1]. For f,g € V, define

(f.9) = /0 f(2)g(z)de.

This is an inner product on V. 0

6.3 Norm and distance

Recall that u-u = |Jul|®. Similarly we have the following definitions:

Definition 6.3. For an inner product space V,
[ul] = v/{u,u)
is called the norm of u.
The distance between u,v € V is defined by
dist(u,v) = ||lu — v]|

O

In R3, since 0 < cosf < 1, we know that u-v < |Jul|||v||. In fact, we can generalize this fact to
any inner product space.

Theorem 6.1 (Cauchy-Schwarz inequality). Let there be an inner product space V', and let
u,veV. Then
[(u, V) < Jlul[flv]]

FEquality holds iff u = cv for some scalar c.

23



Proof. If u =0, then |[(u,v)| =0 = |ju|||v].

Now assume u # 0. Let w = u — cw where ¢ = <H“‘,ﬁ'2> Then

Hw||2 =(w,w)=(u—cv,u—cv)
= (u,u) — (u,cv) — (cv,u) + (cv, cv)

= [|ull* —e(u, v) — cfu, v) + cel|v]|”

=~ Yy - )

<u? V> <u? V> || ||2

2 5 (0, v) — 2 2
vl vl V™ [l
[(u, v)?
= ||’ - = >
Il
After some rearrangement,
2 201112

[(w, V)" < lul[[fv]]™.

Retracing our steps, equality happens iff ||w| = 0 which means u = cv. [ |

Theorem 6.2 (Triangle inequality). If u and v are two vectors in an inner product space V,

lu+ v < ffuf| +[lv]

Proof.

lu+v|]*=(u+v,u+v)
= (u,u) + (u,v) + (v,u) + (v, v)
= [[ull® + (w,v) + (v,u) + [|v]*
= |[ul* +2Re(u,v) + ||v|
< JJull* +2|(u, v)| + [[v]*
< lu® +2fullflv] + [Iv]
= ([l + [Iv)*

6.4 Orthogonal sets
For u,v € R3, we have a notion of orthogonality: u-v = 0 <= u L v. We can generalize
this notion.

Definition 6.4. Let (V,(-,-)) be an inner product space.

« We say two vectors u,v € V are orthogonal and write u L v if (u,v) = 0.

« A set S of vectors in V is called an orthogonal set if all pairs of distinct vectors in S are
orthogonal.

« If every vector in an orthogonal set S of vectors in V' has norm 1, then S is called an
orthonormal set. 0
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Theorem 6.3 (Pythagoras’ theorem). If u,v are orthogonal vectors in an inner product space

V', then
2 2 2
u+ " = [lul]” + vl

Proof.

Theorem 6.4. An orthogonal set of non-zero vectors is linearly independent.

Proof. Let S be an orthogonal set in an inner product space V. Note that S is not assumed to
be finite. Pick a finite subset of distinct vectors from S, vy, ..., v, and consider the equation
avi+ -+ apvip =0

for scalars aq, ..., a.
For 1 < j <k, we can take the inner product on both sides,
(ayvi+ -+ apvg) =0
VT (v V) e )T =0
Since the norm is non-zero, we conclude that all a; = 0. n

Corollary 6.4.1. If V is a finite dimensional inner product space and n = dimV', then any
orthogonal set of non-zero vectors in 'V is finite and contains at most n vectors.

6.5 Orthonormal bases

Definition 6.5. Let V' be an inner product space. A basis B of V is called an orthonormal
basis if B is also an orthonormal set in V. O

From our experience in R?, it is very easy to compute the coordinates of a vector relative to
an orthonormal basis. Similarly, the calculation of a matrix of a linear operator is also much
easier.

Lemma 6.5. Let B = {vy,...,v,} be an orthonormal basis of V.. Then for any v € V,

v =(v,v))Vi+ -+ (V, V)V,

Proof. Suppose v =a;vy + -+ a,v,. Then

(v,v;) ={a1vi + -+ a,vy, v;)

0
= a1 (Vi (Vg ) e (VT

0
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Corollary 6.5.1. Let B = {vy,...,v,} be an orthonormal basis of V., and let T : V — V be
a linear operator and [T = (a;j). Then

ai; = (T'(vj), Vi)

Proof. From the definition of [Tg, T(v;) = a1;vi + -+ + anjV,. By Lemma 6.5, each a;; =
(T'(v;),vi). n

How can we construct an orthonormal basis? What we want to achieve is to take any basis
A ={uy,...,u,} and come up with B = {vy,...,v,} such that B is an orthonormal basis and
span A = span B.

We introduce the Gram-Schmidt process.

Theorem 6.6 (Gram-Schmidt process). Given A = {uy,...,u,}, we can construct an or-
thonormal basis {v1,...,v,} for span A with the following algorithm:
1. Choose 1
Vi= o pm
[ |
2. Let vl = uy — (uy, vi)vy. Now define vy = HV2H
vh
3. Suppose that we have already found an orthonormal set S = {vy,..., vy} for some 1 <

k<n—1 and span{uy,...,uy} = spanS. Then let
k

/ _
Vi1 = Uk+1 — E (Wpt1, v5)v;
j=1

4. Repeat until we get n orthonormal vectors.

Proof. The construction is an inductive one. {v;} is an orthonormal set, and span{v;} =
span{uy }.
vy 1 vy
(vh,v1) = (ug — (ug, vi)vi, vi)
= (ug, vi) — (U2, vi)(vi, v1)
=0

Thus {vy, va} is orthonormal and span{u;,us} = span{vy, vo}, since v}, is only a linear com-
bination of v; and u,.

For 1 <1<k,
k
/
<Vk+1>Vi> uk+1,Vz uk+1>V] Vj, V¢>
=1 Y
j_
<11k+1,Vz> (Wt1, Vi)
So {vi,...,Vgr1} is an orthonormal set, and with a similar reasoning as above, we can show
that span{vy, ..., vii1} = span{uy, ..., upy}. [ |
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The formulas seem to be plucked out of thin air, but we shall see how they are chosen later on.
Corollary 6.6.1. Fvery finite dimensional inner product space has an orthonormal basis.

Example 6.5. Take the space of all real polynomials, P(R). Define the inner product for any
p,q € P(R) as

(hrq) = / p(t)a(t) dt

1

Performing the Gram-Schmidt process on the basis {1, z, 2%, ...} gives us the Legendre poly-
nomials. To list a few:

P =1 P)—z DPa) = %(3.7:2 “1) Bya) = %(5# _ 32)

What happens if we apply the Gram-Schmidt process to a linearly dependent set?

6.6 Orthogonal complements

Definition 6.6. Let V be an inner product space and W a subspace of V. The orthogonal
complement of W, denoted W+ is the set

Wt={veV|vweW: (v,w)=0}

O
Example 6.6. In R?, if W is the x-axis then W+ is the y-axis. 0
Example 6.7. In R?, if W is the x-axis, then W+ is the yz-plane. U

Lemma 6.7. Let W be a subspace of an inner product space V. Then

i. W+ is a subspace of V.
i. WNWwt = {0}

Proof.

i. 0 € W+ since (0,w) =0 for any w € W. Take wy, wy € W=, any any scalars ay, ay, then

(a1 W1, aaWa) = a1 (Wi, Wa) + as (Wi, Wa)
=0

So ayw; + aswy € W+, By Thm. 3.2, W+ is a subspace.
ii. Take any v € W N W+. Then

Therefore v = 0.
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Theorem 6.8. If W is a finite dimensional subspace of an inner product space V', then

V=WaeWwt

Proof. From Lemma 6.7, W N W+ = {0}. Using Thm. 3.16, we only need to show that V =
W+ W

Take any v € V and let {wy,..., w,} be an orthonormal basis for W. Define a vector w as

k
Wow= Z<V7Wi>wi

i=1

Consider v — w and its inner product with any of the basis elements:

(v—w,w;) = (v,w;) — (W;, W;)

=0
Any vector w € W can be expressed as a linear combination of {wy,..., wy}. It follows that
v—weWL Thenw=_w +(v—w). [ |
N e

ew cwt

Thm. 6.8 is not true if W is not finite dimensional.

6.7 Orthogonal projections

Definition 6.7. Let W be a finite dimensional subspace of an inner product space V. Then
V=Waew"
For every v € V, there is an unique w € W and w’ € W+ such that v = w + w’. Define a

linear operator projy, : W — W, called the orthogonal projection of V on W as

projy (v) = w

O

Let T = projy,. Then T? = T, R(T) = W, and ker(T)) = W+. Orthogonal projections are
associated with inner product spaces. They may not exist for any arbitrary vector space. Also,
they are associated to the direct sum decomposition V = W & W+,
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Look at the proof Thm. 6.8. If {wy,..., wy} is an orthonormal basis of W, then we have an
explicit formula for the orthogonal projection operator:

k

projy (v) =w = Z(v,wi>wi

i=1

Also note that it was not assumed that V is finite dimensional. W+ may not finite dimensional.
However, if V is finite dimensional, then W+ is also finite dimensional, and we may talk about
projy ., and it is given by

projyr =w =v —w = (I — projy,)(v)

Let us revisit the Gram-Schmidt process, Thm. 6.6. Let W, = {0} and for every 1 < j <n-—1,
let
W; = span{uy, ..., u,}.

For some 1 < k < n, suppose we have already found k£—1 vectors that makes up our orthonormal
basis. We can find another vector that is orthogonal to all the £k — 1 vectors we already have
by projecting u; on the orthogonal complement of the subspace spanned by the k — 1 vectors.

V) = projys (w)

And we see that after normalization, this gives us the formula for the Gram-Schmidt process.

6.8 Best approximations

In R?, given a plane W and a point P, the point on W closest to P is given by drawing
a perpendicular line from P to W. In vector notation, if we let v = 0?7, the perpendicular
line from P to W is given by v — projy (v). For any other point @) on W, with w = O_Q,
|lv — projy (v)|| < ||[v —w||. We say that projy,(v) is the best approximation to v by vectors
in W, since it is the closest we can get to v while still being in W. We can generalize this to
other inner product spaces.

Theorem 6.9. If W is a finite dimensional subspace of an inner product space V and v € V,
then
v = projy, (v)[| < [[v — w|

for every vector w € W such that w # projy, (v).

Proof. Let there be a w € W such that w # projy,(v). Then ||proj,, (v) — w|| > 0.

Observe that

ew ew
—_——

V=W = v = projiy(v) + projup (v) = w

G;Vrl ew
Now we can apply Pythagoras’ theorem, and

2 . 2 . 2 . 2
v =wl" = [lv = projw (v)II” + [[projw (v) = w[" > [[v — proji (v)]|
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Now consider the linear system Ax = y. If it is consistent, then there is a solution x such that
Ax—y =0, and ||[Ax — y|| = 0. However, if there is no solution, then can we find some x" such
that we minimize ||Ax’ —y||? We call x" the least squares solution of Ax =y.
T
Let A contain the columns ay,...,a, and x = | : |. So the space W = {Ax | x € R"} is the
xm
column space of A. Now we want to find x’ such that ||Ax' —y|| < |[|[Ax —y|. By Thm. 6.9,

Ax" = projy, (y). This might be quiet a lengthy computation if we do not have an orthonormal
basis for W.

We have an alternative approach. If Ax’ = projy, (y), then Wt > y — projy (y) = y — Ax’.
Thus, Vv € R", (Av,y — Ax’) = 0. We can express the inner product in R" (the dot product)
as a matrix multiplication instead: (u, v) = u’v. Then

(Av,b — AX') = v AT (y — AX)
= <V7 AT(Y - AX,)>

This is only true if AT(y — Ax’) = 0. Hence ATy = AT Ax’, and we only need to solve this
much simpler problem. We call this the associated normal system of Ax =y. We arrive at the
following theorem.

Theorem 6.10. For any real linear system Ax =y, the associated normal system
ATAx = ATy

1s consistent, and all its solutions are least squares solutions of Ax =y.

We may apply this to least squares analysis. Given a set of data points (x1,41), ..., (Tn, Yn),
we want to find a straight line y = ax + b that minimizes the sum of square of errors £ =
S (yi — ax; — b)2. In other words, we are finding least squares solution of Ax =y, where

A= X:(Z) y =

and E = ||Ax — y||*.

6.9 Adjoint of a linear operator

Lemma 6.11. Let V be a finite dimensional inner product space over F. If f -V — F s a
linear functional, then there exists a unique vector u € V' such that Vv € V,

f(u) = (v,w)

Proof. Let {vy,...,v,} be an orthonormal basis for V. Then for v € V|

n

vV = Z(v,vi>vi

1=1
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and therefore

= (v, vaz>

And we can let u=>""  f(v;)v;.
Suppose there is another vector u’ € V' such that f(v) = (v, u’), then

lu—v,u—v|’=@u—-u, u—u)

(u—u'ju) — (u—u',u)

fla—u') = f(u—u)
0

Sou=1u. [ |

Theorem 6.12. Let T : V. — V be a linear operator on a finite dimensional inner product
space V. Then there exists an unique linear operator T : V- — V such that

(T'(w),v) = (u,T"(v))

and we call T the adjoint of T.

Proof. Let v € V, and define the linear functional f : V — [ as

for any u € V. By Lem. 6.11 there is an unique vector v/ € V' such that f(u) = (u,v’). Now
let us set 7*(v) = v'. It can be verified that T™* is a linear operator. Also,

(0, 7%(v)) = (0, v) = f(u) = (T'(u),v)

Suppose there is another linear operator S that fulfils
(T'(a),v) = (u,5(v))
Then (u, S(v)) = (u, T*(v)). Since this is true for all u,

(5(v),5(v)) = (S(v), T*(v))
(S(v), S(v) =T*(v)) =0

so S(v) =T*(v) for all v.
|

Theorem 6.13. Let T : V. — V be a linear operator on a finite dimensional inner product
space V' and B be an orthonormal basis of V.. Then

where [T} denotes the conjugate transpose of [T]3.
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Proof. Let B={vy,...,v,}, [T|p = (a;;), and [T = (bi;). From Cor. 6.5.1,

Theorem 6.14. Let T, Ty, T, be linear operators on a finite dimensional inner product space
V. Then

Proof. Let B be an orthonormal basis of V', and any vectors u,v € V.

L (M + )]s = [T + Tolp = [Th]p + [12]3-

ii. (u, (c)*(v)) = (cT(u),v) = ¢(T'(u),v) = c{u, T*(v)) = (u,eT*(v)).
ii. (u, (T172)"(v)) = (TiTx(a), v) = (Tr(u), T7(v)) = (0, T5(T7(v)))

iv. (T'(u),v) = (u,T"(v)) = ((T7)"(u),v)

v

6.10 Normal and self-adjoint operators

Recall that a linear operator T : V' — V is diagonalizable if V' has a basis B consisting of
eigenvectors of 7. Then [Tz is a diagonal matrix with diagonal entries corresponding to the
eigenvalues of T

If V' is an inner product space over R or C, then we may ask if B is orthonormal. If such
an orthonormal basis exists, then we say that T' is orthogonally diagonalizable. Now which
linear operators on an inner product space are orthogonally diagonalizable? We will answer
this question in this section.

Definition 6.8. A linear operator 7' : V' — V on a finite dimensional inner product space V'
is called self-adjoint if T'=T". 0

Lemma 6.15. All eigenvalues of a self-adjoint operator on a finite dimensional complex vector
space are real.
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Proof. Let T : V — V be a self-adjoint operator on the complex inner product space V , and
v be an eigenvector of T' corresponding to the eigenvalue \. Then

Mv,v) = (T(v),v)) = (v, T(v)) = A{v,V)
Since v # 0, (v,v) # 0 and the result follows. |

Definition 6.9. Let T : V' — V be a self-adjoint operator on a finite dimensional inner product
space V over a field [F. If B is an orthonormal basis of V' and A = [T, then
cIfF =R, A= A* = AT and A is symmetric.

« If F =R, then A = A* and we call A a Hermitian matrix.

By Lemma 6.15, the eigenvalues of a Hermitian matrix are real.

Corollary 6.15.1. A self-adjoint operator on a finite dimensional real inner product space has
at least one eirgenvalue.

Proof. Let T : V — V be a self-adjoint operator on a real inner product space V. Let B be an
orthonormal basis of V', and let A = [T']g. Then A is a real symmetric matrix.

However we may treat A as a complex matrix first, in which case it is Hermitian, and also
all its complex eigenvalues (recall that they must exist) must be real. They form the roots of
the characteristic polynomial of A, and hence the same roots are also the (real) eigenvalues of

T. |

Theorem 6.16. A linear operator on a finite dimensional real inner product space is orthogo-
nally diagonalizable iff it is self-adjoint.

Proof.

(=) TODO

( < ) Given T is self-adjoint, we want to show that T is orthogonally diagonalizable. We
perform induction on dim V' = n. The statement is clearly true for n = 1.

Suppose the statement is true for some n = k. Consider the case for some where dimV = k+1.
Then by Cor. 6.15.1, T has an eigenvector v corresponding to some eigenvalue \. Let W =

span{v}.
We claim that W+ is T-invariant. For any u € W+,

(T(u),v) =(u,T(v)) = Xu,v) =0
so T(u) € W+.

The restriction of T to W+ is a linear operator T},. on W+, which is also self-adjoint. Since
dim W+ = k (this can be shown from V = W @ W), by the inductive hypothesis Ty .

is orthogonally diagonalizable. Thus W= has an orthonormal basis {vi,...,v,} consisting of
the eigenvectors of Ty . Thus {v,vy,...,v,} is an orthonormal basis for V' consisting of the
eigenvectors of 7. [
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Definition 6.10. A linear operator T on a finite dimensional inner product space is called
normal if it commutes with its adjoint, i.e. TT* = T*T. O

Every self-adjoint operator is clearly normal, but a normal operator is not necessarily self-
adjoint.

Theorem 6.17. A linear operator on a finite dimensional complex inner product space is
orthogonally diagonalizable iff it is normal.

Proof. TODO [ |

6.11 Unitary operators

Definition 6.11. A linear operator 7' : V' — V on a finite dimensional inner product space V'
is called unitary if T is invertible and T—! = T*. O
Theorem 6.18. Let T' : V. — V be a linear operator on a finite dimensional inner product
space V. Then the following are equivalent:
. T is unitary.
ii. Yu,v € V,(T'(u), T(v)) = (u,v).
1i. T sends an orthonormal basis of V' to an orthonormal basis.

w. Vv eV, [[T(V)| = vl

Proof. Let viu € V and let B = {vy,...,v,} be an orthonormal basis of V.
(1) = (@) (T(w),T(v)) = (0, T(T(v))) = (u,v).

((i1) = (1)) Since T is invertible it is bijective and we are assured that {T'(vy),...,T(v,)}
is also a basis. All we need to check is orthogonality. For 1 < 4,5 < n, it follows that
(T'(vi), T(v)) = (vi, vj) = bij.

((i4i) == (iv)) Since both {vy,...,v,} and {T'(vy),...,T(v,)} are orthonormal bases, if
v=> " a;v; and then T'(v) = > a;T(v;), we have that HVH2 =3 " al = HT(V)H2

((iv) = (i)) TODO [ |
It might be noted that an unitary operator on a complex inner product space is orthogonally

diagonalizable since it is normal. However, the same need not be true if it is on a real inner
product space instead.

We may extend some of these notions to matrices. Notice that since TT* = T*T1y,, we have that
for an orthonormal basis B of V', [TT*|p = [T*T|g = 1,,. Hence if A = [T]|p, AA* = A*A =1,.

Definition 6.12. Let A be an n X n matrix. Then

« Ais called orthogonal if AAT = ATA=1,.
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o Ais called unitary if AA* = A*A=1,.

O
Corollary 6.18.1. LetT : V — V be an unitary operator on a finite dimensional inner product
space V' over a field F. Let B be an orthonormal basis of V' and let A = [T'|g. Then,
i. If F =R, A is a real orthogonal matriz.
i, If B =C, A is an unitary matrix.
Let A be an n x n real matrix. Denote the columns of A as ay,...,a, and consider the inner

product of two columns, (a;,a;) = >_,_ arax;. Notice that if we let B = ATA = (b;;), then
bz’j = (ai,aj>.

From this we see that ATA = 1, iff (a;,a;) = d;;, i.e. {a;,...,a,} is an orthonormal basis of
R". What about unitary matrices?
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