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1 Complex numbers

This section is a quick review of complex numbers.

Definition 1.1 (Complex numbers). A complex number takes the form z = x + iy, where x,y € R
and i> = —1. Furthermore we define the real part of z as R(z) = x and the imaginary part of z as
S(z) = y. O

Two complex numbers are equal iff both their real and imaginary parts are equal. The set of complex
numbers C forms a field with the following operations:
Definition 1.2 (Operations in C).

(xp +iy) + (o +iyp) = (e + x3) +i(y; + y3)
(x1 +iyy) - O +iyy) = (120 — y130) + il ) + X031). 0

Division is more easily performed if we multiply the numerator and denominator with a constant
that makes the denominator real. We will see how this is done later.

It is also possible to identify a complex number with a vector in R?. Then we have the familiar
notion of length.

Definition 1.3 (Modulus). Define the modulus of a complex number z = x +iyas
lz| = x2 + y2. O
The distance between two complex numbers z; and z, is given through the same way for vectors:

|z — z5|. We also have the following relations regarding the modulus:

R(2) < |R(2)| < 4
3(2) <[8(2)| < I

|z125| = |21]|2,]

Definition 1.4 (Conjugate). The conjugate of z = x +iyis given by z = x —iy. U

The following are some simple properties of the complex conjugate:

1



- R(2)=(z+2)/2,3(z) =(z—2)/2.
*Zq + Z9 = Z_l + 2_2
2% = 212, 21 /2 = 21/ 7.
= 2
-2z = 7).
The last property is also what we can use to perform division easily:

a_an_unh

5% |l
Theorem 1.1 (Triangle inequality). For z,z, € C, we have

|21 + 25| < 21| + |23l
Generally,

|21 + 25+ + 2z <z |+ [zp] + o+ 2.

Proof. We have

|21 + 2" = (21 + 2)(z; + 22)
= |21 + 2R(212) + |2,
<ol +2217 + |zl
= (lz1] + [25))°.

We can show the general case with induction. |
Corollary 1.1.1 (Reverse triangle inequality). Forz;,z, € C, we have
llz1] = 22|l < [21 — 2,l-

Proof. Using the triangle inequality we have |z;| = |z; — 2, + 25| < |z — 25| + |2y], so we have |z;| —
|z5| < |z; — z5|. Repeating the same for the roles reversed, we also have |z,|—|z;| < |25 — 21| = |21 — 2]
Notice that |zy| — |z1] = —=(|z1| — |22]), so in both cases ||z;| — |z5|| < |71 — 25| [ |
Taking the vector analogy further, every non-zero complex number has a polar form representation:
Definition 1.5 (Polar form). The polar form of a complex number z = x + iy is given by z =
r(cosf +isin0) with r = |z| and 6 = arctan y/x. O
Since the trigonometric functions are periodic, there can be multiple values of 0 that represent z.

Definition 1.6 (Argument). The set of all possible s is called the argument of z, denoted as arg z.
In other words

argz =1{0 | z = r(cos 0 + isin 6)}.

If® € argzand —7 < © < 7, we call © the principle argument of z and write Argz = ©. [l



Theorem 1.2 (Euler’s formula).

é¥ = cosO +isin0.

This also means that for any complex number z we can write z = re’. Also note that z = re ™,

Theorem 1.3 (de Moivre’s Theorem). Forn € Z,

(cos@ +isinf)" = cosnb + isinnd.

Proof. Inductively show (e = €1 result follows. [ |

Since we can find exponents, naturally we are interested in roots.

Definition 1.7 (Roots). For some z, € C, The solutions z that satisfy z" = z, are called the n-th

roots of z. =
If z = rei@ is a n-th root, then z" = rneine =z)= roeigo, glVll’lg us the relations
6y + 2km
r?’l:ro QZO—,kZO,l,...,n_l-
n

The following are some definitions in topology.
Definition 1.8 (Open balls). An open ball centred at z, with radius ris the set of points

B(zy,r) ={z € C ||z — zy| < r}. O
Definition 1.9 (Interior points, exterior points, boundary points). Let S C C and z € C.

- zis an interior point of S if there is an open ball B(z,r) C S.
- zis an exterior point of S if there is an open ball B(z,r)n S = @.

. zis a boundary point of Sif for all > 0, B(z,r)n S # @ and B(z,r)n S # @ !

O

Definition 1.10 (Boundary of a set). The boundary of S C C, denoted 95, is the set of all boundary
points of S. U

Definition 1.11 (Open sets, closed sets). A set S C Cis called open if 3Sn S # @, i.e. S does not
contain any of its boundary points. A set S C Cis called closed if S C S, i.e. S contains its boundary
points. U

Note that a set can be both not open and not closed, in other words, a set that is not open might not
be closed!
Theorem 1.4. S C C is open iff S is closed.

Definition 1.12 (Closure). The closure of S C C is the set S = S u 8. 0

1§¢ = C — Sis the complement of S.




Definition 1.13 (Closed segments). Let z;,z, € C. The line segment joining them is denoted
[21,2,] ={z€ C|lz=2z +t(z, — z)),0 <t < 1}.
A polygonal line is a finite union of line segments. U

Definition 1.14 (Connected sets, domains). An open set S C C is called connected if any two points
Z1,29 € S can be joined by a polygonal line which lies entirely in S. An open connected set is called

a domain. 0
Example 1.1. All open balls are domains. O
Definition 1.15 (Bounded sets). A set S C C is bounded if there exists R > 0 such that for all z € S,
|z| < R, or equivalently S C B(0, R). A set that is not bounded is called unbounded. O
Definition 1.16 (Compact sets). A set that is closed and bounded is called compact. U
Example 1.2. All closed balls are compact. O

2 Analytic functions

Definition 2.1 (Complex functions). Let S € C. A function f : S — C is called a complex valued
function of a complex variable. U

A complex function may be thought of as two real valued functions of real variables:

flx +iy) = u(x, y) + iv(x, y).

2.1 Limits

Definition 2.2 (Limits). Let fbe a complex function defined in some deleted open ball B(z,, r) —{zy}
of z,. We say w is the limit of fas z approaches z;, and write

zh_{rzlo fz) =w
if
Ve > 0,30 >0, [|z— 29| <6 = |f(z) —wy| < €]
or in other words
z € B(z),9) —{z} = f(2) € B(wy, e).
U

Example 2.1. Let f(z) = z2. Prove that lim,_,; f(z) = —1. Let € > 0. Choose § = min(1,e/3). Then
when [z —i| < d <1,

|z +1i| = |z — i+ 2i
<lz—1i| +|2i
<1+2



Thus
€
|z—i|<d = |z—i||z+i|<§-3
= |zz—(—1)‘ <e€.
O

Theorem 2.1. Let zy = x +iyp, Wy = g +ivy and let f(z) = u(x, y)+iv(x, y). Thenlim,_,, f(z) = wy
I e ) ) W V) = g and Him ) ) VX6 ) = Yo

Proof. We have the following:

[u(x, y) — up| = [R(f(2) — wp)l < |f(2) — wyl
v(x, y) = wl = IS(f(2) — wo)l < |f(2) — w

Theorem 2.2. Suppose thatlim,_,, f(z) = A andlim,_,, g(z) = B. Then
(i) lim,_, [f(z) £ g(z)]=A+B.
(ii) lim,_, f(2)g(z) = AB.

(iii) If B # 0, thenlim__,, f(z)/g(z) = A/B.

Definition 2.3 (Limits with infinity). The statement lim,_,., f(z) = wmeans lim,_,;, f(1/z) = w.
The statement lim,_,,  f(x) = oo means that lim,_,, 1/f(z) = 0. O

2.2 Continuity
Definition 2.4 (Continuity). The function fis said to be continuous at z, if lim,_,; f(z) = f(z).
That is,

Ve > 0,30 >0 [z —zp| < = |f(2) — f(zp)| < €]

We say that fis continuous in a set Sif fis continuous at every point in S. U

2.3 Derivatives

Definition 2.5 (Derivatives). Let fbe defined on B(z,r) for some r > 0. The derivative of fat z; is
defined as

Lo - 1@~ ()

, R 27
We also write the derivative as f’(z,). If f’(z,) exists, we say that fis differentiable at z. O

Theorem 2.3 (L'Hopital’s rule). Let f and z be differentiable at z,. Suppose that f(z,) = g(zy) = 0
and g’(zy) # 0. Then

lim LZ) _ f '(Zo)
= g(z)  g'(z)
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The standard rules of differentiation apply such as the chain rule or product rule. We will assume
they are known and not write them down.

Definition 2.6 (Partial derivatives). The partial derivative of a multi variable function fat a point
(x> o) is defined as

17] . h(x: ) - h(x s )
gcf (%0, %) = lim % 0%

X=X X — X

Of course this is easily generalised to a higher arity. We also write f, = g—)]: . U

Let f(z) = u(x, y) +iv(x, y). If f’(z,) exists, where z;, = x; + iy}, then we must obtain the same limit
no matter which path we take.

Taking the path along the line y = y,

u(x, yo) — u(x, ¥o) + i[v(x, yp) — v(xp, yo)]

"(z9) = lim ,
F B0 = ) (x — xp) + (3o — 30)
(e yp) —ulx ) L v y) = v(%, Yo)
= lim +i lim
X=X X — X X=X X — X

P) 9
= Ecu(xm Yo) + la—yv(xo, Y0)-
Taking the path along the line x = x,

u(xo, y) — u(xg, yo) + i[v(xp, ¥) — v(x0, yo)1

"(z) = lim _
fla (6,30)— o) (X0 — x0) + iy — )
1 ulxg, y) —ulxg, y) . v, ¥) — v(xp, Yo)
= — lim + lim
i y=¥ Y= =¥ Y=

.0 9
= —IECU(X(), yO) + EV(XO’ YO)

Theorem 2.4 (Cauchy Riemann equations). f(z) = u(x, y) +iv(x, y) is differentiable at z, = x, + iy,
iff u and v must satisfy the following equations:

9 3
7x4(x0. %) = a—yv(xo,J’o)
3 _ 9

gcv(xo’ ¥o) = —@u(xo, %)

This also means

Ju Jv Jdv Jdu

4 :_'f——:———.
(@) ox lax ay lay

Theorem 2.5. Let f(z) = u(x,y) + iv(x, y) be defined in a neighbourhood B(z, €) of the point z, =
Xg + iyy. Suppose that the first order partial derivatives of u and v exist in B(zy,€) and satisfy the
following:

(i) the satisfy the Cauchy-Riemann equations, and
(ii) they are continuous at (xy, yp)-

Then f is differentiable at z.



Proof. For z = x + iy € B(zy,€) such that z # z;, we have

f(2) = f(z)
= u(x,y) —u(x, yp) + u(x, o) — ulxy, yo) + i[v(x, y) — v(x, yp) + v(x, yp) — v(x0, ¥p)]

By the mean value theorem,

u(a) —ulb) 9 o)
— = —u(x,
Y-y oy oon

for some y; between yand y,. Thus

u(x, y) — ulx, o) = (3 — yo)%u(x, ).

Let
d J
€ = @u(x, Y1) — a}u(xo,}’o)
such that

d 0
gju(X, )= @u(xo, Yo) + €.

Since du/dy is continuous at (xp, o), limgy 5,y (5, y,) €1 = 0-
Do the same for the other three pairs of terms. If we put it all together, we get
f(@) - (=)
0 0
= (7= )| 0. 30) + €1 + (= 30| 32 ) +

1y~ 30)| v ) + | 1 = 50| v ) +

- %M(Xm yo)(z — zg) + i%‘/(xo, Y0)(z — 7p) + (& +ieg)(x — xp) + (€1 + ie3)(y — o),

such that
f@)—f(zp) 9 .0 .\ XX N A
— = —u(xy, yp) +i—=v(xg, ¥p) + (& + i€, + (1 +ie .
z— 2 ax(oJ/o) ax(OYO) (e 4)2_20 (¢ 3)2_20
R
Note that the trailing term R tends to 0 as z — z;:
X~ Xp Y=Y
R < (le] + lea]) + (le] + les])
Z—Z Z—Z

< ler| + lea] + les| + legl.
Thus the derivative exists and is given by

L @)= )
m —

0 g0 o) + i—ev(xp, 30)
= —u(x,, i—v(xy, Vo).
=z z— 7z ox 0 Yo ox 0 Yo



Example 2.2. Let f(z) = x3 +i(1 — y)®. We want to find the set on which fis differentiable.

The first order partial derivatives:

8u_
v

u av av
=0 — =0 — =-3(1-y)2
y

3x2 — =
ay ox

Solve the Cauchy-Riemann equations:

3x% = —3(1 — y)?
0=0
The only solution is at x = 0 and y = 1. The first order partial derivatives of u and v are continuous

everywhere but since the Cauchy-Riemann equations are only satisfied at z = i, thus we conclude
that fis differentiable only at z = i, and

fr@=o.
O

2.4 Analytic functions
Definition 2.7 (Analytic functions). Let S be a set. A function fis said to be analytic in S if

(i) Sisan open set and f’(z) exists for all z € S, or

(i) if fis analytic in an open set containing S
We say fis analytic at a point z, if fis analytic in some open ball B(z,,r). O
Definition 2.8 (Entire functions). If fis analytic in C, then we call fan entire function. O

Example 2.3. We have seen previously that f(z) = x3 +i(1 — y)? is differentiable only at z = i.
However at all other points in B(0,r), it is not differentiable. Thus fis nowhere analytic. O

The previous example should make it quite clear that if a function is differentiable at finitely many
points, then it is nowhere analytic.

Theorem 2.6. If f is analytic in a domain D and if f’(z) = 0 everywhere in D, then f(z) is constant
in D.
Proof. Let f(z) = u(x,y) + iv(x, y). Then

du v odv Jdu
ff@)=—+i—=——-i—=
ox Jdx Jdy 9y

0.
It follows that du/dx = du/dy = 0 and dv/dx = dv/dy = 0 on D. Hence u and v are constants. Wl

Theorem 2.7. Let f(z) be a function that is analytic in D. Each of the following conditions alone imply
that f is constant in D.

(i) R f(z) is constant in D.



(ii) f(z) is real valued for all z € D.
(iii) f(z) is analytic in D.
(iv) |f(z)| is constant in D.

(v) Arg f(z) is constant in D.

Proof. Let f(z) = u(x, y) + iv(x, y).

(i) Then u is constant and so the derivatives of u are all 0. Then from the Cauchy-Riemann
equations 3—; = 0 as well. Thus f’(z) = % + ig—; =0

(if) If fis real valued then v = 0, and so similar to the above, the derivatives end up being 0.

(i) If f(z) = u(z) + iv(z) and f(z) = u(z) — iv(z) are both analytic in D, then they satisfy the
Cauchy-Riemann equations:

Ju dv du av
ox  ay ay  ox
du av Ju v
ox 9y ay  ox

Solving this set of equations show us that the partial derivatives are all 0.

(iv) Let|f(z)| = ¢ where cis a constant. Then |f(z)|2 = f(2)f(z) = ¢®. Ifr = 0 then f(z) = 0 isa
constant. Otherwise, f(z) is analytic on D by the quotient rule.

(v) If Arg f(z) = cis constant, then the ratio v(z)/u(z) = arctanc = d is also a constant. Then by
the Cauchy-Riemann equations:

u _ av du _ av
ox ay ay - ox
du _ dau u _ du
ox 9y 9y  ox

Solving this set of equations show us that the partial derivatives are all 0.

2.5 Harmonic functions

Definition 2.9 (Harmonic functions). Let S be a set. A function f : S — R is said to be harmonic
in Sif

(i) fhas continuous first and second partial derivatives, and

(ii) fsatisfies the Laplace equation
*f
ox?  9y?
Theorem 2.8. If f(z) = u(x, y) + iv(x, y) is analytic in a domain D, then u and v are harmonic in D.
We call v a harmonic conjugate of u in D.



Proof. Since fis differentiable in D, it satisfies the Cauchy-Riemann equations. Differentiating these
equations once more gives

o’u v o%u o%v
o 0x9y a_yz - 9xdy
This means
Pu  du
o o 0.
Thus u is harmonic. We can do the same for v to see that it too is harmonic. [ |

Example 2.4. Given u(x,y) = y* — 3x%y, we want to find all of its harmonic conjugates.

Firstly, ou/dx = —6xyand du/dy = 3y* — 3x?. Solve the Cauchy-Riemann equations:

ov ov 9 9
— = —6xy — — —3y“ +3x
ay ox

The end result is v(x, y) = —3xy2 +x3+C O

3 Elementary functions

We want to construct some common complex analytic functions. We will be looking at their prop-
erties as real functions, and extending them to the complex plane.

3.1 Exponential function

The main properties of the exponential function are
flx+i0) = € £ = ).
It can be checked that
f(x+iy)=e"(cosy+isiny)
satisfies the properties. It satisfies the Cauchy-Riemann equations everywhere and is entire. Thus
Definition 3.1 (Exponential function). Define for all z = x + iy € C, the exponential function

e* = exp(z) = e*(cos y + isin y).

Notice that for the case where 8 € R,

0

e = cosf +isinf

which is Euler’s formula. Thus we can also write
ex—i—iy — exeiy_
Note that ‘eiy ‘ = 1. Therefore,

| ex+ly‘ = e~
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3.2 Logarithm function

We want to define an inverse for the exponential function. One problem is that the complex expo-
nential is not even one-to-one. This is because exp(z) = exp(z + 2nri) for alln € Z.

Theorem 3.1. The range of the complex exponential function is C \ {0}.

Proof. Take any w = roeiQO # 0. We show that there exists a z = x + iy such that e = w, or in other
words e¥e’Y = ryei. Simply by solving the previous equation, we have solutions z = Inr+i(6, + 2n7)
foralln € Z. |

The above theorem also clearly gives us a definition for the logarithm function:
logz ={Iln|z| +i0 | 0 € arg z}.

which is a multi-value function. Recall the notion of the principle argument Arg z. This reduces the
multi-value function into a single value function.
Definition 3.2 (Logarithm function). Define the single-valued logarithm function log : C—{0} - C
by

Logz =In|z| +iArgz.

We also call this the principle value of log z. O
Theorem 3.2. The function Log z is analytic on the cut complex plane C \ (—o0,0] and furthermore
i Logz = !
dz z

Proof. Let zy € C \ (—00,0]. Let w = Log z and z;, = Log z,, such that

d o w—wy
I oe?| = lm
z =2 0z — 2
. w =W
= lim ™
z27) eW — e
Note that
eV —e™ d w
ZILH;I = 3¢ =e" = z,.
w— W W
0 0 w=w,

Definition 3.3 (Branches). F(z) is said to be a branch of a multiple-valued function f(z) in a domain
Dif

(i) F(z)is single-valued and analytic on D and

(ii) for all z € D, F(z) is one of the values of f(z). O

This means that Log z is a branch of log z in the cut complex plane, called the principle branch of
log z. We can define other branches of log z. Define

L,(z) =Inlz| +i0

where 6 € argz n (o, + 2). The ray 6 = « is called the branch cut for L,. Each L, is analytic on
the complex plane without the ray 6 = « and the point 0:

C,=C\{z|Argz = a} \ {0}
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3.3 Complex exponents

Definition 3.4 (Complex exponents). For z,c € C with z # 0, define
z¢ = exp(clog z).
The principal branch of the exponent is defined by

Pr(z°) = exp(cLog 2)]

Theorem 3.3. The function Pr(z°) is analytic on the cut complex plane C — (—oo, 0] and

d
— Pr(z°) = cPr(z1).
dz

Proof. We have via the chain rule

d c
- ) = ht
% Pr(z°) = exp(cLog z) Z

c
= exp(c LOg Z)m

= cexp(c —1Logz)
= cPr(z¢7 D). u

More generally for each o € R, the function defined on C,

Fa,c(z) = eXp(CLa(z))

is a branch of z¢ and

d
d_ZFa,c(z) = CFa,c—l(z)-

3.4 Trigonometric functions

The following follows directly from our definition of the complex exponential function.

Definition 3.5 (Sine and cosine). For z € C, define
sinz = l(eiz - e_iz)
2i
1,
cosz = E(e’2+e ). O
The usual trigonometric identities also hold in the complex plane, as well as the familiar derivatives.
Theorem 3.4. We have 4% = _sin z and 322 = cos z.

dz dz

The other trigonometric functions like tan z, sec z, are all defined as per usual from sin z and cos z.
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3.5 Hyperbolic functions

Definition 3.6. For z € C, define
1
sinh z = E(ez —e %)
1
coshz = E(ez + e %). O

Theorem 3.5. We have % = coshz and % = sinh z.

4 Integrals

4.1 Integration

Definition 4.1. Let w(t) = u(t) + iv(¢) be a complex valued function of a real variable. Define the

integral of wto be
b b b
/ w(t)dt:/ u(t) dt+i/ v(t) dt. 0
a a a

Theorem 4.1. Suppose F’(t) = f(t). Then

b
/ £(t)dt = F(b) — F(a).

b
< / |w(t)|dt.

Theorem 4.2. Ifw : [a,b] > C, then

/ ’ w(t) di

Proof. Let re = / b w(t) dt. Now

ry =

/ ’ w(t) dt

b
= ¢ 10 / w(t) dt
a

b
= / R[e Pw(r)] dt

b
/ R[e Pw(r)] dt

a

<

b
< / ‘m[e_iew(t)] dt‘

b
< / e~ (e[ dt
a
b

- / (o) dr.
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Definition 4.2 (Simple curves). For a curve y : [a,b] — C, we call it simple if for t;,t, € (a,b),
ty #t, = y(ty) # y(t,). In other words it does not cross itself except possibly at the endpoints.
0

Definition 4.3 (Closed curves). For a curve y : [a,b] —» C, we call it closed if y(a) = y(b). O

Definition 4.4 (Smooth curves). For a curve y : [a,b] — C, we call it smooth if y’(t) exists and is
continuous on [a, b], and y’(¢) = 0 for all t € (a, b). O

Definition 4.5 (Length of a smooth curve). The length of a smooth curve y : [a,b] — C is defined
by
b
| .
a

Definition 4.6 (Path integrals). Let S be an open set and let y : [a,b] - C be a smooth curve in
Y : la,b] - C be a smooth curve in S. If f : S — C is continuous, then the integral of f along y is
defined as

O

b
/ f2)dz= / FG@)y’ @) dt.
Y a

Theorem 4.3. Lety : [a,b] - C be a smooth curve, and let §[c,d] — [a,b] be such that

(i) ¢’ (t) exists and is continuous on [c,d], and
(ii) ¢(c) = a and $p(d) = b.

Let a(t) = y(¢(t)). In other words, a is a re-parametrisation of y. Then for any continuous function f,

/Yf(z)dzzfaf(z)dz.

Proof. The last step uses a change of variables s = y(?):
Aﬂ@@=lﬂh@w@&
=l@mwmwwwvw
=L$ﬂﬂMWGMs

= /Yf(z)dz. [ |

Definition 4.7 (Opposite curve). Let y : [a,b] — C be a curve. Define its opposite curve as

(=y)@) = y(-1).

14



Theorem 4.4. For any smooth curve y, and function f,

/_yf(z)dz: —/yf(z)dz.

Proof. Perform a change of variable in the integral of s = —¢. |
Definition 4.8 (Contours). A contour I is a sequence of smooth curves {y;, ..., y,,} such that the end
point of y; coincides with the start point of . ;. We write I' = y; + - + . U
Integrals along contours are defined as the piecewise sum of integrals over the constituent curves.

The same goes for other notions like length, opposite contours, etc.

Theorem 4.5 (ML inequality). Suppose that f is continuous on an open set containing a contourI' and
|f(2)| < M for all z € ranT. Let L be the length of y. Then

/Yf(z) dz

Proof. First assume thaty : [a,b] — C is a smooth curve. Then

/Yf(z) dz

< ML.

b
/ YO @ dr

b
< / Oy @) dr
b
<M / oL,
= ML.

For the case when I’ is a contour where y = y; + -+ + ¥, then

‘/Ff(z)dz Zk:/ykf(z)dz

< Z f(z)dz
k 19V

< ). ML(y)
k

= ML.

Example 4.1. Let y(¢) = 2¢¥ and f(z) = Zzejrl. Apply the ML-inequality on the integral _fy f(z)dz

First of all, for all z € rany, |z = 2. Thus [¢?| < €?. Also,

/Yf(z) dz

15

22 +1] =22 = (-D)| = ||%] - -1 = 3.
Putting it all together,

2
e
< — - 4.
<3 O




4.2 Antiderivatives

Definition 4.9 (Antiderivatives). Let fbe a continuous function on an open domain D. A function
Fsuch that F’(z) = f(z) for all z € D s called an antiderivative of fin D. O

Note that if fhas an antiderivative F, then since F is analytic, so must f. This also means that the
domain that fis defined on must be an open set to begin with.

Theorem 4.1. Suppose f has an antiderivative F on an open domain D. IfT is a contour in D with
endpoints z; and z,, then

/rf(Z) dz = F(zy) — F(zy).

In particular, if T is a closed contour (z; = z,), then

/rf(Z) dz=0.

Proof. LetT =y + - +y, where y; : [a;_1,a;] > C is a smooth curve. For each i < j < n, we have

d
—Fly ] = F'lyOly; ®) = fly Oy ©.

dt
Thus,
f@dz= [ fly@lo
Yi 4j—1
= F[Yj(aj)] - F[Yj(aj—1)]-
Then,

Aﬂ@kzxﬂ@&+mﬂéﬂ@@

= F(z3) — F(z).
[ |

Theorem 4.2. Let f be continuous on an open domain D. The following statements are equivalent:

(i) f has an antiderivative in D,
(ii) for any closed contourT in D, /r f(z)dz=0,

(iii) the contour integrals of f in D are path-independent.

Proof. From theorem 4.1 we have shown (i) = (ii) and (i) = (iii).

Now we show (ii)) = (iii). LetT'; and Iy in D be contours with the same endpoints. ThenT'; +(—T)

is a closed contour in D. By (ii),
/ f(z)dz— / f(z)dz=0.
T, T,

16



Finally we show (iii) = (i). Take 2z, € D. For any z; € D, define

R = [ f@d

T

where I is a contour in D joining z; to z;. This is well defined by (iii).
Since fis continuous at z;, for any € > 0, there exists § > 0 such that

2=z <6 = |f(2) - fz)l <e.

Since fis analytic, there is some h # 0 and |h| < d such that the line segment [z, z; + h] € D. Then,

F(z; + h) — F(z;) _ 1 B
p = h(/y+[zl,zl+h] f(z)dz /yf(z)dz)

1
= - / f(z)dz
h Jiz, 2011
F(zy + h) — F(zy) 1 1
SO ey = [ f@de-gey [ 1
[z1,2;+h] (21,2, +h]

1
:ELMMH@—ﬂm@.

The limit of the last term as A — 0 is actually 0, because by the ML-inequality,

1
AR

This means F’(z;) = f(zy). [ |

1

<
i

eh| =e.

Theorem 4.3 (Cauchy-Goursat theorem for rectangles). Let f be a function which is analytic on
(including the interior) a rectangle R, with a positively oriented boundary oR. Then

/ f(z)dz=0.
OR

Proof. Divide R into 4 congruent rectangles, R! to R*. One of the rectangles among them has the
greatest integral, call it Ry, such that
IR
Rk

/ f(z)dz
R,
4
d
sggégﬂaz

o
/a . f(z)dz

1

= max
1<k<4

This gives

<4

Do the same step for R; to obtain a smaller rectangle R,. Continuing this way, we obtain a sequence
of rectangles

RCR{CRyC -

17



such that

<4

fo, 10454, S0
/8R f(z)dz /8Rn f(z)dz

We claim that there is some point z; that is common to all rectangles R,,. We briefly sketch a proof.
Form an sequence of closed intervals [a,, b, ] as follows. The interval [a;, b;] is either the left or right
half of the previous interval [g;_,b;_;]. Then note that the sequence (a,) and (b,) are both bounded
monotonic sequences. Thus they have a limit. The length of the interval goes to 0, and so they must
tend to the same limit. Using this result, apply it to the two edges that form the rectangles R,,.

f(z)dz

This means

<47

Next, let d, denote the length of the diagonal of R, and [, denote the length of dR,,. Now let € > 0.
As the size of the rectangles are decreasing, and yet they also contain z;, there exists some rectangle
R, C B(z,,d). Consequently, for all z € dR,,,,

0<|z—2z)<d =

'@ -
= |f(2) = f(z9) = (z = 20) f'(20)| < edyy,

<Ee€

f@) - f(z)
zZ—2z

By the ML-inequality,

/a @)= fGo) = = 20 () | < ey
" dO lO

= e——.

2m am

Note that f(z;,) and f’(z,) are constants in the integral, and (z — z;) has an antiderivative. Thus in

fact this reduces to
L
a m

/3R f(z)dz

/ f(z)dz=0.
JR

doly
< 64—m

and thus from a result above,

S €d0l0

Thus as € — 0 we have

Theorem 4.4 (Cauchy-Goursat theorem). If a function fis analytic at all points on and interior to a
simple closed contourT, then
/ f(z)dz=0.
T

18



Proof. Let the region enclosed by I be called R. The only difference now is that we have to consider
rectangles that have points that are not in R. Call these rectangles that are intersections with an
rectangle and R, partial rectangles. We only need to change the upper bound on the integral to take
into account the perimeter of these partial rectangles. |

If a contour is able to be continuously deformed into another contour, always passing through points
in which the function is analytic, then the integral does not change.

Theorem 4.5 (Cauchy-Goursat theorem for simply connected domains). If a function f is analytic
in a simply connected domain D, then
/ f(z)dz=0
r

for every closed contourT in D.

Proof. If the curve intersects itself a finite number of times, the Cauchy-Goursat theorem can be
applied to each of the simple closed contours that it is made up of.

For the infinite case, TODO [ |

Theorem 4.6 (Cauchy-Goursat theorem for multiply connected domains). Let

- I is a simple positively oriented closed contour,
“ Y1, ---» Yk are mutually disjoint positively oriented simple closed contours interior to T,

- D refer to the domain consisting of the points inside I' and outside yy, ..., ;.

If a function f is analytic on all of these contours as well as in D, then
k
/f(z)der Z /f(z)dz =0.
r n=1"y,

Proof. Refer to the figure for an example.

Create a new integration path with line segments joining I' to y;, y; to s, so on and so forth, and
finally y, —T again. This essentially divides the boundary of D into two simple closed contours in
which fis analytic in. Apply the Cauchy-Goursat theorem on these two pieces and sum them up. We
will find that the integrals along the line segments cancel, leaving us with the contour integrals. W
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Corollary 4.5.1 (Principle of deformation of paths). LetT'; andT', be positively oriented simple closed
contours with T'y interior to I'y. If f is analytic in the closed region consisting of these contours and the

region between them, then
/f(z)dz: / f(z)dz.
1—‘1 rZ

Proof. 1t follows directly from the previous theorem. |

Example 4.2. Suppose that I is a positively oriented simple closed contour that contains z,. We

want to evaluate
1
dz.
rz=%o

There is a circle with radius r small enough that is interior to . 1/(z — z;) is analytic on the region
between the circle and T, as well as on these two contours. Therefore

1
/ dz = 27i.
I %= %0

Definition 4.10 (Simply connected domains). A domain Dis simply connected if every simple closed
contour in D encloses only points in D. In other words, D has no “holes”. U

O

Example 4.3. The following are simply connected domains:

- Open balls.
- Interiors of simply closed contours.
- The cut complex plane.

- The entire complex plane.
The following are not simply connected domains:

- The annular domain {z | 1 < |z] < 2}.

- The puncture plane C \ {0}. O

Theorem 4.7 (Cauchy-Goursat theorem for simply connected domains). If f is analytic in a simply

connected domain D, then
/ f(z)dz=0
T

Proof. todo |

Corollary 4.5.2. If f is analytic in a simply connected domain D, then it has an antiderivative in D.

20



4.3 Cauchy’s formula

Theorem 4.8 (Cauchy integral formula). Let T" be a positively oriented simple closed contour and let
f be analytic within and onT. Then for any z interior to T,

) = — [LE 4

2mi Jpz— 2

Proof. Let e > 0. Since fis continuous at z;, there is a § > 0 such that
€
2= 2| <6 = [f(2) — flz)l < 5.

Now choose 0 < r < & such that the circle y(t) = z, + re’ is completely interior to . Then the
integral evaluated on I' is equal to the integral evaluated on y.

For all z € {y}, since r < §, we also have |z — z;| < 8. This means that

‘f(Z) f@)| _

zZ—Z

€

27rr'

Therefore, by the ML inequality,
@ fG) |

Z— 2z

Y

We also have

/f(Z):f(Zo) dz‘ _

/f( ?) dz — f(z)2rmi
r

Z— 2

<e

As € — 0, we obtain the desired result. [ |

Example 4.4. We want to evaluate /1“ o where I' is the circle centred around the origin with

2)( +i)

radius 2.

Let f(z) = 9Z

z T
/r—(9—z2)(z+i) dz = 27if(—i) = :
O

Example 4.5 (Cauchy’s formula in an annulus). Let fbe analytic in the closed annulus A = {z |
R; < |z — zy] £ Ry} and let z; be an interior point of A. Let y; and y, be the positively oriented circles
|z — zo| = Ry and |z — zy| = R, respectively.
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Y2

Refer to the diagram. We split the annulus into two such that the function is analytic within these
two new contours. The integral then evaluates to

o= [ 22 - [ 194)

27i z—zl nZ 4

O

Theorem 4.9 (Cauchy’s integral formula for derivatives). LetT" be a positively oriented simple closed
contour and let f be analytic within and onT'. Then for any point z, interior to T,

[0 = = [ L

271 Jp (z — zp)"H1

dz.

Proof. We prove this by induction. This holds for n = 0 as we showed previously.

Suppose this holds for n. For the case of n + 1, first we evaluate

f(")(zo +h)— f(n)(zo) — Zn_'l /( f(z) _ f(Z)

zZ—2zy— h)n+1 (z _ Zo)n+1
n+1 _ (W o h)n+1
271'1 /f( ) Wn+1(w h)n+1 dz

B (w B+ ww —h)P 1 + . +w]
277:1/f 2)

n+1 (W _ h)n+1

dz

dz.

where w = z — z;. Next,
N&+m¢®%>m+m f@ o
2mi Jp w”+2

= oni / (z )W(w — )"+ wi(w — )"+ W™ — (n+ D (w — R

Wn+2(w _ h)n+1

dz.

Let us try to simplify the numerator:
ww — ) + - + wHw — h) + w1 — (w — )" — n(w — h)"H1
=w(w—h)"+-+w"(w—h)+h{t"+" 1 (t—=h)---+({t—h)")—(w—h)" (w—h)—(n—1)(w—h)""!
=w(w—h)" e (w=)h(W" et (w=h)" )R e (E=h) )= (w=h)" " (w—h)—(n—2)(w—h)"*!

= h{(w )"+ [w+w=—R]w=h"T+ -+ [W+ W (w=h)+ -+ (w— h)”]}
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Now let M = max ¢y [f(2)], let d be the shortest distance from z, to T, and let D be the greatest
distance from z; to I'. Then for A such that |h| < d/2,

d
d<|w=|z—2z)|<2D 5<|w—h|<2D
By the ML inequality,
fPz +h) = fP() i+ 1) / 1)
= — - dz
h 2mi Jp wht?
n'h (w=h"+[w+w=h)](w—=h"1+ -+ W+ +(w—h)"]
-2 [r@ dz
2 Jp wht2(yw — gyl
n!M O(D")
< |p|l /="
< [A 27 O(d2"+3)L(F)
which goes to 0 as h — 0, since all the other terms are constants. [ |

Corollary 4.5.3. If f is analytic in a domain D, then all its derivatives exist and are analytic in D. In
particular, if f = u +iv, then u and v have continuous partial derivatives of all orders in D.

Theorem 4.10 (Morera’s theorem). If f is continuous on a domain D and /Ff(z) dz = 0 for every
closed contourT in D, then fis analytic in D.

Proof. By theorem 4.1, fhas an antiderivative Fin D. By the previous corollary f = F’ is analytic
in D. |

Theorem 4.11 (Cauchy’s inequality). Let C be a circle centred at zy, with radius R. Suppose f is a
function that is analytic within and on C. Denote M = max, ¢y | f(2)|. Then

‘f(n)(zo)‘ < n;,\l/f

Proof. This is an immediate consequence of Cauchy’s formula:

n! f(@)
Py n+1 dz
271 Jo (z — zp)
n M
- anrH-l

|f(")(20)‘ =

Theorem 4.12 (Liouville’s theorem). If an entire function f is bounded, then it must be a constant
function.

Proof. Since fis bounded, there exists M such that |f(z)| < M for all z € C. By Cauchy’s inequality,

@<

Now this goes to 0 as R — oo. As this holds for arbitrary z, thus we conclude that f’(z) = 0 for all
z. |
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Theorem 4.13 (The Fundamental Theorem of Algebra). Let p(z) = 2" + a,_12" ' + -+ a;z + a, be
a polynomial, then p(z) = 0 has a solution in C.

Proof. Suppose not. Suppose that instead p(z) # 0 for all z € C. Then 1/p(z) would be an entire
function.

Next we show that 1/p(z) is bounded. Let M = max(1, |ay|, ..., |a,—1]) and R = 2nM > 1. Then for
all |z > R, 1 < j < n, we have

an_j‘ M M 1

Z |7 |z " 2nM  2n
such that
_ a _ a
”1+..+_OS "1_|_ .+_0
z zn z z"n
1 1
< — e —
2n 2n
1
=5
Now this means that
a -1 ao
e (s )
p@) =1+ (B s 2
a,_ a
> - |22 e+ 2
Zn
1
(s
2
Rn
> —_
2

Thus 1/ p(z) is bounded by % for the case where |z| > R. However the closed ball B(0, R) is compact,
so again 1/p(z) has to be bounded there as well. Hence 1/p(z) is bounded on the entire complex
plane. By Liouville’s theorem this would suggest that p(z) is a constant function which is a contra-
diction. |

5 Sequences and series

The ideas are very similar to those real analysis. Many of the theorems will be stated without proof,
refer to the real analysis notes for proofs. Many times it is simply applying the real analytic methods
onto the real and complex components individually then putting them back.

5.1 Sequences

Definition 5.1 (Sequences). A sequence can be formally defined by a function N — C. We shall
denote a sequence of complex numbers zy, 2y, ... by (z,);—; or as short by (z,). O
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Definition 5.2 (Limits). We say that the sequence (z,,) has a limit at z if
Ve >0,ANeEN [n>N = |z, — 2| <¥€].

We write lim,_,, z, = z. We also say it that (z,) converges to z. If a sequence does not have a limit
then we say it diverges. O

Theorem 5.1. If a sequence is convergent then its limit is unique.

Theorem 5.2. If a sequence is convergent then it is bounded.

Theorem 5.3. Ifz € C and |7| < 1, then lim,,_,,z" = 0.

Proof. Let € > 0. Let r = |z|. Then we know from real analysis that lim, ,.,7" = 0, so there exists
N € N such that for all n > N, |[r"| < 0. Then it follows that |z"| < € as well. |

Theorem 5.4. For a sequence (z,), if z, = x,, + iy, then

e e T — < T — v
Az =X +iy = limx, = xa lima, =y

Proof. See theorem 2.1. |
Theorem 5.5. Let (z,) and (w,) be sequences, and lim,_, .z, = z and lim,_, ,w, = w. Then
(i) lim,_,.,(z, +w,) = z + w.
(ii) lim,_, o (z,w,) = zw.
(iii) limn_,oofv—’; = Z ifw, # 0 for alln.

Definition 5.3 (Cachy sequences). A sequence (z,) is called Cauchy if

Ve >0,AN €N, [n,m>N = |z, — z,,| < €]

Theorem 5.6 (Cauchy criterion). A sequence (z,) is convergent iff it is Cauchy.

5.2 Series

Definition 5.4 (Series). Given a sequence (z,), form the sequence of partial sums where S, = z; +

v+ 2y = 217 We call Sa series and write Y, z,. O

Since a series is also a sequence, the same theorems and definitions for convergence/divergence
apply to it.
Theorem 5.7. If z;ozln converges, then lim,_, ..z, = 0.

Definition 5.5 (Absolute convergence). If Z;o:l|zn| converges, then we say that Z;ozlzn converges
absolutely. O

Theorem 5.8. If a series converges absolutely then it converges.
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Theorem 5.9 (Comparison test). If|z,| < a,, and Z;ozlan converges, then Z;o:lzn converges absolutely.

Theorem 5.10 (Geometric series). Ifz € B(0,1), then

Proof. Each partial sum is given by

2 M
Si=1+z+z°+--+2"" = .
1-z
Since |z] < 1, lim,,_,,z" = 0, so
. 1
A5 = 7
|
Definition 5.6 (Power series). A series of the form
(o]
Zan(z —z)"
n=0
if called a power series. U

Theorem 5.11. Ifz;ozoan(z — zo)" converges at z = zy, then it converges absolutely for all z such that
|z — 2| <z — 7l.

Theorem 5.12 (Convergence radius). For any power series Y, an(z — zy)", there is an unique 0 <
R < oo such that

(i) the series converges absolutely for all |z — z,| < R,
(ii) the series diverges for all z such that |z — z;| > R,
(iii) and no conclusion otherwise.

Theorem 5.13 (Ratio test). Iflim,_,,

22—11‘ = L, then
(i) if L <1, then Z:;lzn converges absolutely,

(ii) if L > 1, then Y "z, diverges,

(iii) otherwise no conclusion can be made.

Furthermore, the convergence radius R = 1/L.

Theorem 5.14 (Cauchy-Hadamard). For any power series Z:ozoan(z — zy)", its convergence radius is
given by
1
R =
limsup,

n

||
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5.3 Sequences of functions

Definition 5.7 (Pointwise convergence). Let (f,) be a sequence of functions defined on a subset

D C C. Suppose that for all z € D, the sequence (f(z)) converges. Then we define a function
f:D—- Cby

£ = lim £,
and say that (f,) converges to f pointwise in D. O

Definition 5.8 (Uniform convergence). We say that a sequence of functions (f,) converge to f
uniformly if

Ve >0,AN e N, [n>N = |f,(2) — f(2)| <¢€].
0]

The difference between the two is that for uniform convergence, the same value of N works for all
points z € D.

Example 5.1. Let f,(z) = z". Then
- f, = 0 pointwise on B(0, 1).
- fu = 0 uniformly on B(0,r) where 0 <r < 1.

O

Theorem 5.15. Let (f,,) be a sequence of functions. Iflim,_,, f, = f uniformly and each f, is contin-
uous then fis also continuous.

Theorem 5.16. Let I’ be a contour and let (f,)) be a sequence of functions continuous on {I'}. If (f,)
converges uniformly to f on{I'}, then

im, [ f@dz= [ fim f@dz= [ 1)z

Proof. Let € > 0. Then there is N € N such that

n>N = 4@ fE) < 15
By the ML-inequality this means
€
[50-r@a < 5um =e

Theorem 5.17. Let (f,) be a sequence of analytic functions on a domain D. If(f,) converges uniformly
to fon D, then f is analytic in D.

Proof. Take z, € D. Since D is open, there is r > 0 such that B(zy,7) € D. Now let I' be a closed

contour in B(zj,r). Then
lim /fn(z) dz = /f(z) dz.

Since each f, is analytic, /1" f.(z) dz = 0. Therefore the integral above evaluates to 0. Since each f,
is continuous as well, fis also continuous. Then Morera’s theorem says that fis analytic in B(zy,r).
The choice of z is arbitrary, so this means that fis in fact analytic in the whole of D. |
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5.4 Series of functions

Definition 5.9 (Uniform convergence). We say that the series of functions 220:1 fr(z) converges to
S(z) uniformly if the sequence of partial sums S,(z) = Y, fy(z) converges to S(z) uniformly. ~ [J

Theorem 5.18 (Interchangibility). If a series of functions converges uniformly on a contour ', then
we can interchange the summation with the integral.

> /F £z dz = /r PWICLE

Theorem 5.19 (Weierstrass M-test). Let 2:):1Mn be a convergent series of positive numbers. Let
(fo(2)) be a sequence of functions on a domain D where |f,(z)] < M,. Theny, . f,(z) converges
uniformly and absolutely on D.

Lemma 5.1. Let R be the radius of convergence of the geometric series zzozoan(z — zy)". For each

0 < R’ < R, the series converges uniformly on B(z,, R’).

Proof. Take z; such that R’ < |z; — zg| < R. Then Y 1a,(z; — z)" converges. This means that it is
bounded, so there exists M > 0 such that |a,(z; — z;)"| < M.

Let z € B(zj, R"). Since |z — zg| < Ry < |z; — %y}, s0

zZ—2z R
Ol 1 1.
21— % 21 — 2
R,
Now letr = , we have
|2y =2
n
n n — %0 n
|a,(z = 20)"| = lay(z1 — 2p)"| < Mr
21— %

Since |1 < 1, the series ZZOZOMr” converges. By the Weierstrass M-test, the series Z;o:Oan(z —z)"
converges uniformly as well. |

Theorem 5.20. Let R be the radius of convergence of S(z) = Y, " 1an(z — zy)". Then
(i) S(z) is an analytic function on B(zy, R).

(ii) IfT is a contour in B(zy, R) and g(z) is continuous on {I'}, then

/g(z)Zan(z —zp)'dz = Z /g(z)an(z —zo)"dz
r n=0 n=0JT
(iii)

d o0 o0
320z = 2" = Y an(z — )"
n=0 n=1

Proof. Denote S, = >;_ ax(z — z0)F.

(i) Let z; € B(zy, R). Choose r such that |z; — zy| < r < R. Then by lemma 5.1, S,(z) converges
uniformly on B(zj,r) to S(z). By theorem 5.17, uniform convergence preserves analyticity on
a domain, so S(z) is analytic on B(z,,r). In particular, S(z) is analytic at z;. Since this is true
for all points in B(zj, R), therefore S(z) is analytic in B(z,, R).
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(if) Choose 0 < r < R such that {I'} C B(z,,r). Note that since g(z) is continuous and B(z,r) is
compact, therefore g(z) must be bounded. Then we can easily show that g(z)S,(z) converges
uniformly to g(z)S(z). Thus,

lim > [ st -2z = fim, |3 etz dz
k=0T I'k=0
= [ Y e@ane -z dz
r k=0
= / g(2)S(z) dz.
T

(iii) Let z; € B(zy, R). Let y be a positively oriented circle centred at z such that {y} C B(z,, R).
which from Cauchy’s integral formula is the expression for S’(z). From Cauchy’s formula
first note that

d

d_z(z _ Zo)n 1 (z — 2p)

2=z, 2mi % (z - 21)2'

Again by Cauchy’s integral formula,
1 S
o [

27i (z —z1)?

_ Zo)
Z " 2mi /(z —21)2
= Zand_(z - ZO)

= Zann(zl - Zo)n_1
n=0

Theorem 5.21 (Taylor’s theorem). If f is analytic in an open ball B(zy, R), then

fo - 3 Iy
n=0 :

which is called the Taylor series of f at z.

Proof. Let z € B(zy,r). Choose r such that |z — z;| < r < R and let y be the positively oriented circle
|lw — zy| = r. For w € {y}, we have

1 _ 1
W—Z_(W—Zo)—(z—zo)
_ 1 1

R

1 i(z—zo)”
Cw—zg S\ w—z/

W

This means that
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By Cauchy’s integral formula,

f(z)zzim/f(rv) q
Zo)
- / Y10

(W) n
B Z 4 277 /(w — zp) 1 dw(z =)

(n)
- Zf n(!ZO)(Z —z)"

Theorem 5.22. If Y. a,(z — zy)" converges to f(z) in the open ball B(zy, R), then the series is the
Taylor series of f at z.

Proof. Choose rsuch that 0 < r < R, and let y be the positive oriented circle |z — zy| = r. Let
1

)= ———
8(2) 2mi(z — zg)k+1

so that by Cauchy’s integral formula

(z0)
/@@aaw—ﬂ?i
Now
[aa-zara L oy
z2)(z -z z=— zZ—z
ng 0 k! dzk 0 -
L ifk=n
B 0, otherwise
Thus

a= Y [ n) dz

n=0 Y

=/&@ﬂﬂ&
Y

f(k)(zo)
= —

The Taylor series where z, = 0 is also called the Maclaurin series.

Example 5.2. Find the Maclaurin series of f(z) = e*. We have f(”)(O) = 1. Thus the Maclaurin
series is simply
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Example 5.3. Find the Taylor series of f(z) = 1/z at z, = 1. We can use the geometric series

I 1
z 1-(1-2)
= Z(l -z
n=0
which converges for all |1 — z| < 1. This agrees with Taylor’s theorem because f(z) is not analytic
at z = 0, so the largest ball it is analytic in is B(1, 1). O

Theorem 5.23 (Laurent’s theorem). If f is analytic in an annulus A = {z | Ry < |z — 23| < Ry}, then

o0

f(Z) = Z an(z - ZO)n

n=—oo

Proof. For z € A, let y; and y; be the positively oriented circles contained in A such that the y and z
are contained in the region between them. See the figure.

From example 4.5 we have the following

1 f(w) f(w)
f(Z)—z—mléw_zdw—éw_zdwl.

Our task is to evaluate the two path integrals.

For w € {G,},

zZ—z
w—2

1 i(z—zo)”
B W—Zon:() w =2

w—z WwW-—2zy1—
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Thus

27

f(w) 1 —z)"
_Zd - )Z (;n+1

S f(W) n
Z[Z]‘[l /(w zo)* 1 dwl(z %)

where the last step is due to the Cauchy-Goursat theorem. The same goes for w € {C;}:

f(W) ——/f( ) —20)” dw

Z [—. / FOo)w = 2" dwl(z = 2) """

f(w) n
N . 1 [2711 /(w zp)+ 1 dwl(z ~ %)

n

|
Note that if fis analytic in B(zj, R,), then since f(w)(w — z,)*™! is analytic, the integrals for the
negative indices will all vanish. In this case the Laurent series will reduce to the Taylor series.

Definition 5.10 (Principle and analytic parts). The terms in the Laurent series with n > 0 are
collectively called the analytic part, while the terms with n < 0 are collectively called the principle
part. O

6 Residues and poles

6.1 Isolated singularities

Definition 6.1 (Singluar points). A point z is a singular point of a function fif fis not analytic at
2z, but is analytic at some point in B(z, €) for all € > 0. We say that a singular point z; is isolated if
there exists R > 0 such that fis analytic in B(zj, R) \ {zy}. O

Example 6.1. Log z is analytic in C \ (—c0,0]. Every point in (—co, 0] is a singular point of Log z,
but they are not isolated singularities. O

Example 6.2. Let f(z) = 1/sin(r/z). sin(r/z) = 0iff z = 1/nfor n € Z*. So the singular points
of fare {0} u{1/n | n € Z*}. The singularities at 1/n are isolated. However, 0 is not an isolated
singularity since for every R, we can always find n such that 1/n € B(0, R). O

Definition 6.2 (Residues). The residue of fat an isolated singularity z; is the n = —1 coefficient of
its Laurent series expansion, or in other words

Res f2) = 5 [ fa)d
Y

where y is any positively oriented simple closed contour around z; in B(zj, R) \ {zy}. 0
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Example 6.3. We want to evaluate fy ze*/% dz where y is the unit circle. We have

Thus Res,_ fis the coefficient of 1/z, which is 8. Then

z=0

/264/2 dz = 27i Res ze*/# = 161
Y

O

Definition 6.3 (Removable singularities). Let fhave an isolated singular point at z,. If the principle
part of the Laurent series of faround z = z; is 0, then we say that z; is a removable singularity. [

For removable singularities the Laurent series reduces to a power series and the residue there is 0.
Note that is is not necessarily a Taylor series since fis still not analytic in the whole ball. However we
can make fanalytic in the whole ball if we set f(z;) = ay. This also explains why such singularities
are called “removable”.

sin z
z -

sinz 1 2 2
- —_ z__+_+.
z z !

Example 6.4. Consider f(z) =

|
—_
|

|
+
|

so z = 0 isaremovable singularity. If we redefine f(0) = 1, then f(z) is equal to the above convergent
Taylor series. Thus it becomes analytic at z = 0. O

Definition 6.4 (Essential singularity). Let fhave an isolated singular point at z;. If the principle
part of the Laurent series of faround z = z; has infinitely many non-zero terms then we say that z,
is an essential singularity. O

Example 6.5. For all z,

so z = 0 is an essential singularity. O

Definition 6.5 (Poles). Let fhave an isolated singular point at z,. Consider the Laurent series of f
around z = z;. If there is N € N such that the coefficients a_,, = 0 for all n > m, then we say z; is a
pole. Furthermore, we call the smallest possible value of N the order of the pole. U

We sometimes call poles of order 1 simple poles.
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Example 6.6. For all z,

e 1 X7
2 _zz_
z z% = n!
1 1 1
= =+—-+=-+
2z 2
so z = 0 is a pole of order 2. O

Theorem 6.1. A function f has a pole of order m at z; iff there exists R > 0 such that for all z €
B(zp, R) \ {zo},

where ¢ is analytic and ¢(z;,) # 0.

Proof.

(=) Since fhas a pole of order m at z,, there exists R such that that for all z € B(zj, R) \ {z,},

f(2) = Zancz 20)" + Z (z "

Now consider if we multiply the series throughout by (z — z;)™:

#(z) = Zan(z -zt a_(z—zy)" L+ + a_(m-1)(z = 2) + a_p,
n=0

f@)(z—2z))", ifz#z

a_pms otherwise

This is an analytic function in B(z;, R) (theorem 5.20).

(«<=). Since ¢ is analytic at z, it has a Taylor expansion
$(2) = D cu(z — z)"
n=0

for all z € B(z, R), for some R > 0. Thus

_ 9
f@)= =)

¢ Cm—
:—0+...+ ml+...
(z —z))" z = zg
and as ¢y = ¢(z,) # by definition, fhas a pole of order m at z = z,. |

Corollary 6.0.1. A function f has a pole at z = zy, iff lim,_,, f(z) = c.

Proof. Equivalently,

lim L = lim M
S N TN e
_ (29 — 20)"
- P(2p)

=0.
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Theorem 6.2. Suppose that a function f has an isolated singularity at z = z,. Then ifz = z; is a
removable singularity, f is bounded in a deleted neighbourhood of z.

Proof. The function fis analytic in B(zj, R) for some R if we define f(z,) correctly. Then fis con-
tinuous in the closed ball B(z,,r) for all r < R. Since it is closed fis bounded there as well. Then it
must also be bounded on the deleted neighbourhood {z | 0 < |z — zy| < r} C B(z, 7). [ |

Theorem 6.3 (Reimann’s theorem). Suppose that a function f is bounded and analytic in some deleted
neighbourhood{z | 0 < |z — zy| < R} of z. If f has a singularity at z,, then it is a removable singularity.

Proof. If fis not analytic at z;, then it must be an isolated singularity. So we can represent fby a
Laurent series in the deleted neighbourhood. Let y be the positively oriented circle |z — zy| = r where
r < R. Since fis bounded, |f(z)| < M for some M. Then by the ML-inequality, the coefficients of the
principal part of the Laurent series (n < 0) are

1 f(2)

a|=|— | —————
& 2mi J, (z — zp)™*!

dz‘

Since we can choose rto be arbitrarily small, we can conclude that the principal of the Laurent series
is 0. |

Theorem 6.4 (Picard’s theorem). If f has an essential singularity at z = z, then in any open neigh-
bourhood of z,, f assumes every finite value, with one possible exception, for an infinite number of
times.

Theorem 6.5. If f has a pole of order m at z,, then

m—1

Res () = (z=2)"f(2).

(m—-1)! le’n;o dzm-1

Proof. If fhas a pole of order m at z;, then there exists R > 0 such that for all zwhere 0 < |z — z5| < R,

+ e 4

a_q a_m
z—-7 (z = zp)"

@)= Yz -2 +
n=0

(z—2)"f(2) = ian(z —z)"""+a_q(z — zo)m_l +ota,

=0
dm—l noo n+m
W(z —20)" f(2) = Z( I1 k>an(z —z)" !+ (m - 1)la_,
z n=0 \k=n+2
m—1
Jim W(z —20)" f(2) = (m = Dla_;.
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6.2 Poles and zeroes

Definition 6.6 (Zeroes). A point z is called a zero of fif f(z) = 0. If f(zg) = - = f™ D(z,) =0
but f™)(z,) # 0, then we say that z, is a zero of order m. O
We often call a zero of order 1 a simple zero.

Example 6.7. The function f(z) = z(e* — 1) has zeroes at z = 2nzi with n € Z. First consider the
zero at z = 0.

f'@)=(z+1) -1 7 (2) = (z + 2)é?
f)=o0 f7(0) =2

so the zero at z = 0 is of order 2. For the other zeroes, f’(2nzi) # 0 for n # 0 so they are simple
Zeroes. O

Theorem 6.6. Let f be analytic at zy. Then f has a zero of order m at z; iff f(z) = (z—2z,)"g(z), where
g is analytic at z, and g(z,) # 0.

Proof.

( = ) Since fis analytic at z = z, it has a Taylor series for all z € B(z,, R) for some R. However
since the first m — 1 derivatives at z = z; are all 0, the first m — 1 coefficients are 0 as well. Thus

o0

f@ =tz - z)"

n=m

=(z—z)" i a,(z — zp)""™
= (z—2))"g(2)

We define g(z) be the summation term. It is represented by a convergent power series in B(z,, R),
so it is also analytic at z,. Furthermore g(z,) = a,, # 0.

(<) Since g is analytic at z = z, it has a Taylor series for all z € B(z,, R) for some R.
g(z) = ch(z - ZO)n~
n=0
Furthermore, ¢, = g(z,) # 0. Thus
f(2) = (z = 2))"g(2)
— ch(z _ Zo)n+m
n=0
Thus it is clear that

flzg) = - = f(m_l)(zo) =0 f(m)(zo) =mlc, # 0.
[ |

Theorem 6.7. Let p and q be analytic at z, and suppose p(zy) # 0. Then if q has a zero of order m at
2y, the function f(z) = p(z)/q(z) has a pole of order m at z,.
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Proof. There exists R > 0 such that for all z € B(z, R),
q(z) = (z — z))"g(z)

where g is analytic at z; and g(z;) # 0. Then

p(2)
()= —L2
IO e
where p(z)/g(z) is analytic and non-zero at z = z;. Thus fhas a pole of order m at z = z,. [

eZ

z(e*-1)"
a zero of order 2 at z = 0 and zeroes of order 1 at z = 2nsi for n € Z \ {0}. Furthermore ¢* = 0 at

these values. Thus fhas a double pole at z = 0 and simple poles at z = 2n7i for n € Z \ {0}. O

Example 6.8. Consider the function f(z) =

From example 6.7, we know that z(e* — 1) has

Corollary 6.0.2. If p and q are analytic at zy and p(zy) # 0 and q has a simple zero at z,, then
f(2) = p(z)/q(z) has a simple pole at z,, and furthermore

_ p(zp)
Reg S0 = q'(z9)’

Proof. Since fhas a simple pole at z, and q(z;) = 0,
Res f(2) = Jlim (z ~ 20)(2)

B p(2)

= lim ———
z>2y q(2)—q(z)
Z_ZO

_ p(z)
q'(zp)

We now consider the general case for f(z) = p(z)/q(z). By the quotient rule,

q(2)p’(2) — p(2)q’ (2)

q*(2)
exists provided q(z) # 0. Suppose g has a zero of order n at z = z;. If p(z;) # 0, then fhas a pole of
order n at z = z.

(@)=

What if instead p(z;) = 0? Suppose p has a zero of order m at z = z;. Then there exists analytic
functions p; and q;, with p;(z,) # 0 and q;(z;) # 0, such that

_ (z—2)"ps(2)
&)= (z — 29)"q1(2)
= (z—2)" "¢(z)
where ¢(z) = p;(2)/q1(z) and @(z;) # 0. If m > n, then
. 0, ifm>n
Zh_’nzlo f@) = ¢(z,), otherwise

In particular, fis bounded. Consequently, fhas a removable singularity at z = z,. To be precise,
f(2) has a zero of order m — n. If instead m < n, then

@
@)=

— Zo)n—m

so fhas a pole of order n — m.
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Theorem 6.8 (Cauchy’s residue theorem). IfT is a positively oriented simple closed contour and f is
analytic inside and on T except for a finite number of singular points zy, ..., z;, then

k
/f(z) dz = 27i Z ;Izlzezs f(2).
r n=1 "

Proof. Let the points z, ..., z; be the centres of positively oriented circles y;, ..., y, which are interior
to I' and are small enough such that they do not overlap one another. The circles, together with
the contour I', form a closed region whose interior is a multiply connected domain consisting of the
points inside I" but outside all y;.. fis analytic inside this region. Using the Cauchy-Goursat theorem
for multiply connected domains,

k
/f(z)dz—Z/f(z)dz:O
r n=1-¥,

which leads directly to the desired result since

f(z)dz = 2mi Res f(2).
Y "

6.3 Applications

Definition 6.7 (Improper integrals). Let f : [0,00) - R. The improper integral of fover [0, ) is
defined by

[ee] R
/Of(x)dlegglgo/() f(x)dx

and we say that the integral converges provided the limit exists. U

The same definition can be made for integrals over (—oo, 0]. Integrals over (—oo, 00) are the sum of
these two types of integrals, i.e. /_0; = /_Ooo + /Ooo.

Definition 6.8 (Cauchy principal value). The Cauchy principal value of /_0; f(x)dxis defined as

[S] R
p.v. /_oof(x) dx = 1%1_130/_12 f(x)dx

and we say that it converges provided the limit exists. O

It should be noted that the principal value is different from our original definition of the indefinite
integral. If /”_exists, thenp.v. /[ = [ _ . However the converse is not necessarily true.

Example 6.9. Consider

00 R
p.v./ xdx = lim xdx

R—o0 R

=0.
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On the other hand,

lim xdx = oo,
R—o0 0

So clearly f_o;xdx does not converge. O
Theorem 6.9. Let f be an even function, i.e. f(—x) = f(x). Ifp.v. f_o; f(x) dx converges, then so does
/_o; f(x)dx.

Proof. We have

/_:f(X)dx= /Rof(—x)d(—x) = /ORf(x)dx.

Therefore, if p.v. f_O:Q f(x)dx = limg_,. f_I; f(x)dx converges, then both limp_,, f_OR f(x)dx and
limp_, o /OR f(x) dx must exist. [

2
Example 6.10. Let us try and evaluate [ _—

—00 x641
exp((znzl)m> and they are all simple poles. Let I'y be the positively oriented semicircle of radius R

dx. Note that the singular points of fare at ¢, =

containing cy, ¢;, and ¢,. Denote the arc as yg.

R
YR
G
¢, "
3
By Cauchy’s residue theorem,
2
27ri Z Res f(z) = /f(z) dz
= z=c, T
R
= f(z)dz+/ f(x)dx.

YR -R

Recall we have a formula for this specific kind of poles (corollary 6.0.2):

2
_ %
Res f(2) = o

SO



Now for all z € {yg}, we have |z| = R, such that

2
Z
el A
lt* — 1]
RZ

RO -1
Thus by the ML-inequality

2

R
7R.
-1

SRf’

/Y f(z)dz

Now when we make R — oo, this integral goes to 0. Therefore we conclude that in fact

O
©  cos3x . _exp(i3z)
Example 6.11. Let us try and evaluate / 1) dx. Instead consider f(z) = =m0 first. It has
double poles at z = +i. Let I'y be the positively oriented semicircle of radius R containing z = i, and
let yg be its arc. Firstly

d 5 ei32
Res f(2) = lim =—(z — 1) Sy
d ei3z
~2idz (z +10)?
_ 1
3

Next apply Cauchy’s residue theorem

R ei3x 27T
——dx= — —/ (z)dz
[R (x2 +1)? e3 Ve f

R
3 2
/ _CoSX dx = ER{—;T - [ f(2) dz}.
_ e e

R (x? + 1)
Now for z € {yg}, we have |z] = R.
3y
@)=
ei3y

ST
(" + 1)?
1

< —.
~ (R? +1)?

The last step arises from noting that y > 0 along the arc. Now by the ML-inequality

/Y f(z)dz

1
< -
G

‘m f(2)dz] <

YR

R
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which goes to 0 as R — co. Thus we conclude that in fact

o

cos 3x 2m
——dx = —.
oo (X2 4+ 1)2 e3
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