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Question 1

The Fourier transform of a function f(x) is defined by:

FUfa)} = k) = <= / e f ()

provided that the integral exists.

(a) If f(x) is an even function, show that:

_ \/% /0 " cos(ha) f(x) da fla) = \/g /0 " costha) f (k)

Solution.

= E/— cos(kx) f(x) —isin(kz)f(z)dx

= \/g/ooo cos(kx) f(z) dz

dk

We can easily check that f(k:) s also even. Hence by a similar argument the other property is

easily proven.

(b) Find the Fourier transform of f(z) =
function. Hence, evaluate the following improper integral:

/ sm(/{a);os(km) Ak

Solution.
Flf(a)} = %27 / =% H (2 + a) H(— + a) de

¢ —ikx
= —— e dz
V2T /a
1 1, :
—(e . e—zka)

- ika
_\/%z'k(

H(a —x)H(x + a),a > 0, where H is the Heaviside step



OoSin<ka) COS(k’SL’) _\/OOL ika __ _—ika ik —ikx
/_Oo = [ (et - e (e e ak

_ / m [ezk(a—‘rcz:) . e—zk(a-{—a}) + ezk‘(a—x) . e—zk(a—x)] dk

_ @/mf{f(am)} b F{f(a—2)} dk

\/ﬁ/ e**Flf(a+2)} + F{f(a—2x)}dk

_ @ [ / R F( (@)} d

= V2T )+ f(-a)

=0

ot /Oo M F{f(—x)} dk

N

(c) Solve the following integral equation:

0 B e
/ f(.T) COS(]{}J,‘) dr = 1 k) 0 < k < 1
0 07 k>1

Hence, or otherwise, evaluate the following improper integral:

< gsin?
5 dx
0 T

Solution. We make an ansatz that f(x) is even. Then

/ f(z) cos(kx dx—\/>
0

1k 0<k<1
o, E>1

Then taking the inverse Fourier transform on both sides,

\f \[ / cos(kx) f(k)H(1 — k)H(k) dk

= /1— cos(kx) dx
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Then let us evaluate the integral at k = 0:

2 o0
_ _{/ cos(f:x) dz
k=0 T o X
oo _ 00 (142
:E{/ COS(Ol 1dx+/ sin 2(JU) dx}
o T LJo T 0 T

/Ooof(x) cos(kx) dx

[1— k]

Question 2

The Laplace transform of the function f(¢) is defined by:

LU®} =T = [ e

0

(a) The error function is defined as

erf(x) = % /Ow e ¢ de
(i) Find £{erf(v/t)}. Hence, or otherwise, find L{terf(2/1)}.

Solution.

METHOD 1. This method uses integration by parts and is more of a brute force approach but
s fairly fast and straightforward.

cferi(vi)} = /0 et enf(vA) i
= —/Oolerf(\/%) de st

— —%{ [erf(\/f)e_“]zo — /OOO% <erf(\/7z)>e_5t dt}

Noting that the Gaussian integral f_ooooe’£2 d¢ = /7, and that % = %zﬁi,

E{erf(\/l_f)} =

_fL dat }
7[-/0 \/% s—s+1
1 <2
= —/ e dv/st }
TJo S s—s+1
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METHOD 2. Another way is through interchange of limits:

9 [ Vit
E{erf(\/g)} = ﬁ/o e_St/O e¢ d¢ dt
_ % /5:) /t: e—te€ dt dg
- [t
= %/Oooée—?(lﬂ) d¢

Taking u = £v/1 + s this becomes the Gaussian integral:

E{erf(\/%)} — % 11+ S/OOOQUQ du

s
B 1
CosVs+1
[ |
Then, by the scaling property of the Laplace transform we can easily see that ,C{erf(Z\/%)} =
N S
e Hence,
d
cltert2v)} = —d—E{erf(2\/Z)}
S
_d 2
ds sy/s + 4
. 3s5+8
s2(s+4)3
[ |
(ii) Hence, evaluate the following improper integral
| e et ag
0
Solution. Substituting t = £2,
o0 5 1 o0
/ Ee % erf(€) dé = 3 / eterf(vt) du
0 0
- —,c{erf<\/%)}
s=1
1
= _2\/5
[ |

(b) Find E‘l{m} using the Laplace convolution theorem.
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Solution.
= {ﬁ} _ £1{£{cos(at)}%£{sm<at)}}

1
= — cos(at) * sin(at)
a

1 t
= - / cos(au) sin(at — au) du
aJo

¢
=5 i sin(at) — sin(at — 2au) du

1 , cos(at — 2au)]’
= —<tsint+ | ———
2a 2a 0

B tsint
2

Question 3
The general form of the second-order linear ordinary differential equation is given as follows:

p@ L 4y @)D 4y )y(a) = o).

The general solution is
y(@) = ci (@) + caya () + yp(w)

where y;2(x) are two linearly independent solutions of the homogeneous equation corresponding to
q(x) = 0,y,(x) is the solution of the inhomogeneous equation and ¢ are two arbitrary constants.
Consider the following differential equation:

dPy(z)  dy(x)
2 J—
v dz? v dz

+y(x) = (n2)”

(a) Show that = 0 is a regular singular point.

Solution. )
limp()(x) =lim — =
=0 po(x) =0 22
pi(r), —=x

Hence it is a singular point.

They are finite, so it is a reqular singular point.



(b) Find the roots of the indicial equation.

Solution. We use the Frobenius method. Let y(x) = a,x"*?. Then:

0

xZian (n+o)(n+o—1)z"t72 xZan n+o)x"to IZ
0

Zanx"+”[(n+a)(n+ c—1)—(n+0o)+1]=0

The coefficients must vanish. Consider the lowest power of x : aglo(c —1) — o + 1] = 0. Taking
ag # 0, we see that o = 1.

(c¢) Find the independent solution y;(z) of the differential equation corresponding to the larger root
of the indicial equation.

Solution. Continuing from above and taking o = 1,

Zanm’”l m+1)—(n+1)+1=0
0

We conclude that n = 0. Hence this leaves us with y,(z) = apx.

[ |
(d) Find the second independent solution ys(x) of the differential equation.
Solution. We simply use the fact from the Wronskian that
vl / ¢ p1(X) }
Yo () = y1(x exps — dy p d¢
)=o) [ {000
. Substituting, we get
S —x
= CQm/ 52 exp{ / ?dx}df
= €2§d§
=crlnz
[ |

(e) Find the general solution of the inhomogeneous differential equation.



Solution. Variation of parameters:

“q() v(Oyi(z) — y1(ya(x)

= — d
() / PGIGGEGIGE

[’ &g —Exlng a
a & {(1+In¢) —¢Ing

T 2
= — h;f@lnf—xlnx)d{
=In®x+4lnz+6

§
§

Thus y,(z) = c17 + corlna +In*x +4Inz + 6



