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1 Introduction

There are generally two points of view to the world. They are the macroscopic and the
microscopic. Examples of macroscopic variables are mass and temperature, while examples of
microscopic variables are velocity and energy.

A thermodynamic system is an amount of matter confined by walls apart from its surroundings.

Definition 1.1 (Closed and isolated systems). An isolated system is one that does not interact
in any way with its surroundings. Both energy and matter is conserved.

A closed system is one that can only exchange energy with its surroundings. Only energy is
conserved.

An open system is one that can exchange both energy and matter with its surroundings. Neither
energy nor matter is conserved. U

2 Zeroth and first laws of thermodynamics

2.1 Zeroth law

The zeroth law states that thermal equilibrium is a transitive relation. Temperature, as we will
see, is then the metaphysical thing that is equal for two objects in thermal equilibrium. It is also
the measure of the tendency of an object to spontaneously give up energy to its surroundings.

2.2 Ideal gas law

The ideal gas law is given by
PV = NkgT.

Consider a piston that moves along the z-axis with some gas trapped behind it in a cylinder.
We assume that the particles have no volume, and are non-interacting. The average pressure



felt by the piston due to a single molecule is given by
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The second step comes from the fact that Av, = —2uv, (elastic collisions) and At = % and

using F' = m%.

For N molecules, we have

PV = Nmv> = NkgT
1 1

At room temperature, kg1 =~ %e\/, which is quite small. This is the average translational
kinetic energy along = of the particles. In all 3 dimensions, the average kinetic energy is given

by
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2.3 Equipartition theorem

We have previously derived

1 1
2= —T.
2 kg

In fact, we can show (later on) that the energy of every quadratic degree of freedom it is
equivalent to %k:BT. In general, the internal energy of a particle is given by

1

where f is the number of quadratic degrees of freedom per particle, and N is the number of
particles. Examples of quadratic degrees of freedom are like kinetic energy %va rotational

x?
energy +/w?, and elastic potential energy 1kz?.

2.4 Work

Work refers to the non-spontaneous transfer of energy into another system. Contrast this with
heat, which is spontaneously transferred. We denote dWW as the differential of work done on
the system. We assume that the process is quasi-static, meaning it is so slow that thermal
equilibrium is maintained through the process.



Example 2.1 (Piston). This is also known as the general hydrostatic system.

dW = F - dF
= Fdx
= PAdx
= _Pdv.

The volume decreases as the piston moves. Positive work is done on the piston when it is
compressed. O

Example 2.2 (Wire).

O

Example 2.3 (Surface). A wire pulls a surface (perhaps a film of soap) that is L wide and S
long. The wire is pulling along S, which is also the x axis.

dW:ﬁ-dF:S-de:SL%:SdA.

O

Example 2.4 (Electrochemical cell). Consider a cell made up of two electrodes with a potential
difference V. If the external potential of the cell is greater than the emf of the cell V', then a
charge d@ flows through the circuit from the negative to positive electrode. Positive work is
done on the cell by charging it.

dW = VdQ.

O

Example 2.5 (Dielectrics). Consider two parallel plates of area A separated from each other
by a length [. The potential difference between them is V. To increase the charge by d@) on the
capacitor plates,

dW =VdQ = E - 1dQ.

Now we place a dielectric of polarisation P between the plates. The electric displacement field
D is given by D = ¢oE + A%. From Maxwell’s equations we know

V-.D= (free-
and so (after some calculation) Q = DA, The work done by the battery is
dW = ElAdD = EV dD = ¢ EV dE + EdP.

The first term is the work done to increase the electric field, and the second is the work done on
the dielectric to polarize it. O

Example 2.6 (Paramagnetic systems). Consider a paramagnetic toroid of cross sectional area
A And length L with a coil of wire around it. When the current changes, an emf is induced

given by
V= —NAd—B.
dt



To maintain this current, the work done by the battery is

AW = —V dQ
d@

= NA—dB
dt

= NAIdB.

%H - dl = Ifee.

So we have HL = NI. Together with B = ugH + MOA_]V/[y

From Maxwell’s equations we have

dW = HVdB = HV u,dH + H pod M.
The first term is the work done to increase the magnetic field, and the second is the work done

on the paramagnetic system itself. O

Actually, work is not a state function since generally it depends on the path taken. Hence
perhaps a more accurate notation would be W and not dW. In any case it does not really
matter too much for us.

2.5 First law of thermodynamics

Conservation of energy gives us
AU =Q+W

where AU is the change in internal energy, () is the heat added to the system, and W is the work
done on the system. Internal energy is a state function, and we can write its exact differential
(even though it is the sum of two inexact differentials)

AU = 6Q + W .

For reversible processes, intuition tells us that reversing the process is just the original but with

signs swapped:
W — —-W Q— —Q AU — —AU.

2.6 Response functions

Experimentally it might be easier to measure the response of a system to some stimulus. For
example, we have expansivity «, which is the change in volume with respect to temperature:

_ (v
T v\er),

A similar function is compressibility «, the change in volume with respect to an applied force,

__Lfov
v \op),
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Another common function is heat capacity C, which is the amount of heat needed to raise
temperature,
Q

Oy:ﬁ‘

Specific heat capacity is heat capacity per unit mass, c = =.

Q

We might note that we can hold different variables constant while measuring these response
functions. Take a piston filled with gas for example. In measuring the heat capacity of the
gas, we can either hold the volume constant (by fixing the piston in place), or we can hold the
pressure constant (by allowing the piston to move freely). In general we will get two different
results.

Example 2.7. Take the piston filled with gas mentioned previously. Assume it is filled with an
ideal gas. Then,

AU = 6Q + 6W = 6Q — PAV
— §Q =dU + PdV.

oU oU
(=) ar+ (= .
dU <8T>Vd +(0V)Tdv

Note that since out of the variables P, T, V', only 2 of them can be independent at any time so
in write dU we have chosen to drop the dP term. Now substituting,

oU ou
o <8T)Vd +(av)Td[ Pl

0Q  (OU oU dv
o~ (ar), * |(5v), +Jar

- (), - (3),
o (58),- (), 69, 7165),

Note that since U depends on T" and V', and P also depends on 7" and V, (g—g)vp = (

We can write

Therefore,

jeblje))
ﬂl@
~—

=5

2.7 Quasi static processes

We hold many things constant, below is a table of vocabulary and what they refer to

Held constant Name
P Isobaric
A% Isochoric
T Isothermal
Q=0 Adiabatic



Example 2.8. Say we compress an ideal gas adiabatically. So from the first law of thermody-
namics,

AU =W dU = oW

From the equipartition theorem we understand that W = NKgT % where f is the number of
quadratic degrees of freedom. So

dU:NKBng.
Using the fact that 0W = —PdV,
NkgT
NkBidT:—PdV:— B-av
2 1%
f 1
Jdoqr = =
2Td VdV
f/Tf 1 /Vf 1
= —dT = — —dV
2 )r T vi V
[ Ty Vi
2lnTi = -1 7
I s

3 The Microcanonical ensemble and the second law

The fundamental principle of statistical physics is that all possible states will occur with equal
probability.

There are two manifestations of this principle. The first comes if we have many configurations
of the same system at a given point in time, and this forms an ensemble. The second comes
from having copies of the same system (at equilibrium) over different points of time, and this
forms an ensemble as well.

The first and second manifestations are not equal to each other. They are only the same if the
system is able to visit all possible states over a long enough period of time (ergodic). If the
system is not ergodic, statistical physics only applies to the first case. For us we will concern
ourselves with ergodic systems only so we do not have to worry about this.

3.1 Microcanonical ensemble

A microcanonical ensemble is an ensemble formed by isolated systems. Recall that an isolated
system does not exchange energy or particle number with its environment. We also have

E=U=(E).

In the microcanonical ensemble the entropy is important, and this depends on the number of
microstates €). From the entropy we can then relate to other variables like temperature. But
first we have to know how to count microstates.



3.1.1 Counting discrete microstates

For a discrete system, say a collection of three coins, the configuration heads-heads-tail is
a microstate. The configuration tail-tail-tail is another microstate. On the other hand, a
macrostate is for example “three heads”. We denote {2 as the number of microstates in a
macrostate. So Q(three heads) = 1.

In general, coin flips and other two-level systems follows the binomial distribution with probability
h of getting heads and ¢ of getting tails:

Q(H heads) BHN-H N!

Pr|H h in N flips] = —_—
r[H heads in ips] Oal) HIN = 1)l

An useful fact is that if N is large enough, we may apply the central limit theorem and
approximate the distribution with a Gaussian. From the above, we can apply a few tricks:

Pr[H heads in N flips| = exp[Iln(Pr(H heads in N flips))]
N!
In(Pr(H heads in N flips)) = In (thNHm)
=Hlnh+(N—-—H)lnt+InN!'—InH! —In(N — H)!

Using Stirling’s approximation, which states In(N!) & NIn N — N + O(In N), we have

Pr[H heads in N flips]
~exp[Hlnh+ (N —H)Int+ NnmN—-N—-HInH+H—(N—H)In(N—H)+ N — H]
=exp/[HInh+ (N —H)lnt+ NInN—-HInH — (N — H)In(N — H)|.

Let the term in the exponential be f(H). We may perform a Taylor expansion of f(H) about
its mean, which is at hiV,

FH) = F(H) + f/(H)(H ~ )+ o f'(H)(H ~ )P

The derivatives are found through ordinary means,

f(H)=Inh—Int—InH +In(N — H)

1 1
1 H —_ )
Substituting in # = hN, we find that actually f'(H) = 0 and that f"(H) = — 5. Substituting

this back into the exponential,

. . — 11 —
Pr[H heads in N flips] ~ exp(f(H) - §N_th(H_ H) )
B (H— H)?
_AeXp{ 2Nth

This is a Gaussian with mean H and standard deviation o = v/ Nth. Now normalization tells

1
us that A = Nort




3.1.2 Counting microstates for classical systems

Generally for classical systems we will be working with variables of momentum p and position .
The probability density function associated with these variables is simply given by

Pr({p.r} = 5

as long as the energy of the system (giVAen by the Hamiltonian H ) lies within the energy range
of the microcanonical emsemble, F < H({p,r}) < E + dE.

In this case €2 also has a special name, the phase space. It is what we get when we consider all
configurations, which is also a function of energy E, volume V' and particle number N:

/ {dp.dr} = Q(E,V, )

E<H<E+dE

There are a few quantities related to 2. The first is the cumulative volume in phase space,

O(E,V,N) = /{dp,dr}

If we think of the phase space as a 3D space, then 2 would be a shell of constant E, and &
would be the space enclosed by the shell.

Next we also have the density of state

w(E,V,N) = 3—2,

and is related to {2 through
Q(E,V,N)=w-AE.

To obtain the probability density for one variable, we have to integrate out all the other variables:

Pr(r) = [ Pr({pe ) dpdr = & [ dpar

r#ry r#ry

For example, for a single particle that can move in a single dimension,

Pr(z) = / Pr(z, p,) dps ,
or for a single particle that can move in three dimensions,

Pl"(f) = / Pr(x,pmy,py,z,pz) dpx dydpy ddez

o0



3.2 Maxwell-Boltzmann distribution

Suppose we have a box of volume V' with dimensions L, x L, x L,. Furthermore for the i-th
molecule we have variables position r; and momentum p; associated with it. The Hamiltonian
for a single particle is given by
2
2 p;
H({p.,r}) = -

, 2m
1=x,Y,z

The aim is to find Pr(x) and Pr(p,). Finding p(x) is straightforward, it is simply L% Finding
Pr(p,) is slightly more work. We have to start from the basics and find ®(E).

If we consider the energy of N particles, we have

If we only have one particle then the p-phase space would be a sphere of radius v2mE. With
N particles, then this would be a sphere in 3/N-dimensions but still with radius vV2m£FE. The

volume of an a-dimensional sphere is given by V = 22~ R®. Thus,

(5)
/ {dp,dr}

H<FE

3N

where we have used Stirlings approximation to get (2)! ~ exp[2¥ In(2Y) — 28] = (2F) =

Next, we need to determine w = g% We use the trick that if & o« EBN/2 then w = g}g = %

e

Finally, we can find Q = wA = 3¥2A_ Since Pr(p,) =
is precisely 2 but when the total energy is instead £ — and when the number of dimensions
go from 3N to 3N — 1. Hence, with § = 2p—m, we have

o= () (5) s
o= (1)

». as well. But €,

3N—-1

drem(E —¢€)\ *2
( 3N — 1 > A




Now, putting it all together,

QF — 2 V,N —1)

P — ~ omy
") =T V)
CBN-1 E [dmem\ 2 [(N-1/3)""5\ [(E— )%
T 3N E—e\ 3 N-% E%
N . -~

TODO.

We get at last

Pr(p,) = m exp (—T;)

- ﬁe"p(‘zgc@)‘

This is a Gaussian with mean 0 and variance (p?). Now according to the equipartition theorem,

2 .
% = %ijT, so re-expressing, we have

1 P2
Pr(p,) = ———— - ).
t(pe) V2mmkgT exp( kaBT>

The probability of finding a particle with momentum p, is Pr(p,) dp, = Pr(v,) dv,. Hence, we
also have

dp,
Pr(v,) = Pl“(px)%

m muv?
— — €eX — .
ormkpT T\ 25T

We can also express it in terms of speed, which perhaps looks more familiar:

Pr(v)dv = /dQ v dvp?(v = v,)
m 2 mv?
= 4o’ — :
i (QWkBT) eXp( QkBT)

3.3 Entropy and temperature

Entropy S is defined as
S = kB In Q2

It has units J/K. S is also a state function. It is an extensive variable since in general it depends
on the particle number.

Consider now two systems. The two systems are closed, so particles and energy cannot leave, but
they can still interact with each other. We also assume that there is no work done between them,
and that the microstates in both systems are independent of each other. Then temperature,

10



intuitively, is what we get when the two systems achieve equilibrium. When the system achieves
equilibrium, then this is represented by the maximum of the probability density function p(E).
So we want to find when dp = 0, when p(FE) is maximum.

(B — Dl B) _ (BB _ (BB ~ )
VT Qualadl) Q) Q(E)

Since the function In is monotone, if we can find the maximum for Inp then we would have
found the maximum for p. So

Ql(El)QQ(E — El)

Inp(E;) =In D)
. [Sl(El) + 53(E — Ey) — S(E)]
S Wnp(E) = | S Si(E) = 5 Sa(E) — 0
Hence at equilibrium the maximum is achieved when
%Sl(El) = %EQSQ(EQ)

Hence this expression gives us the tempemture for each system. To maintain the consistency of
units, this expression is actually equal to =, SO

1_ (s
T \O0E);_,

3.4 Second law of thermodynamics

Consider the same two isolated systems. Let the equilibrium energy of the first system be Ej.
So in equilibrium we have F; = E]. What happens if we are not in equilibrium? Then first of
all p(E;) < p(E}). This means that

O (E1)Q(E — Ey) < O (B (E — EY)
QE) - QE)
| < O (E)Q(E — EY)
- Ql(El)QQ(E — El)
]{?B 1111 S ]CB anl(Ei) + k’B thQ(E — Ei) — k?B anl(El) — k’B ].HQQ(E — El)
0= Si(E}) — Si(En) + Sa(Ey) — Sa(Es)
= AS] + AS,.

Therefore, we get the first statement of the second law,

AS > 0.

11



Next, consider another system where the first system is immersed in a bath, but they are both
still microcanonical. Being a bath means that 75 does not change, though they can still exchange
heat. Exchanging heat means that 6Q)o = 6@Q);. Thus,

1S
T  0Q

_6Qy  —60
dS, = T -

We have previously shown that dS > 0, so

)
dS:dSl—i—ng:dSl—& >0
Ty
so we get
0Q1
ds; > —.
127
Equality holds when the process is reversible.
From the first law, we know that
dU =0Q.
SW=0
From the second law, we also know that
dU <TdSs.
SW=0

With the addition of work,
dU <TdS + oW.

Quasi-static processes are reversible. If the process is reversible then the equality holds.

Example 3.1. Suppose we have some system where the work is expressed as 0W = —PdV +
oH dM + EdP. Then,

1 1 1 1
— —dU + =PAdV — —uoH dM — —EdP
ds dU + d woH d d

85) (85) (85) (85)
S AU + (= av + ( =—— M + (== ap
(aU V,M,P av U,M,P aM U,V,P aP U, V.M

Note that we only hold the independent variables constant, which are those variables in the

differentials. For example there is no (g—f]) p QU term. These partial derivatives give us an

idea of how fast the entropy is changing with respect to the other variables. O

Example 3.2. Back to our ideal gas. The Maxwell-Boltzmann distribution gives
3NA dwemE)\ 2
Tem
Q, =—=— |VN ——=
o= (G ) ()

S:l{BIHQ

3NA
— ksl
B[n 2U

From this we can find

3N

dremU ) 2

InV»y +1
+1In +n( 3N

12



Now S depends on U, V, N. Therefore,

oS 08 08
ds = — d — d — dN
5 (aU)V,N U*(@V)U,N V+(8N>U,V

First of all we have

This agrees with the equipartition theorem in the limit of large N. We also have
P_ (95
T \oV)uy

4 (3

PV = NEkgT.

O

Example 3.3. Consider an ensemble of N two-state systems. There are Ny of them in state
|0) and N; of them in |1). So N = Ny + Ny, and U = ONy + EN; = ENj.

N!

Q0=
NN

Taking the limit N; — 0, we have {2 — 1. The same occurs if we take the limit N; — N. Also
note that the maximum (2 occurs when N; = % This then tells us that S is maximized at
le%,andS:Oat]\ﬁ:Ooer:N.

Using Stirling’s approximation,

— kpln——
S AR

~ kB[Nth — N — Nllan +N1 - Noh’lNO + No]
S(N,) =kg[NInN — NyInN; — (N — Ny)In(N — N})]

u. U U U

What is odd about this system is that the entropy starts to decrease with increasing energy

after a certain point. This means
1 08

7o~V

13



and so we end up with negative temperature. Let us evaluate it completely.

1_ 05 oM
T ON, OU
1
= k’B[— lan + IH(N — Nl)]E
E_ 1 N 1
kel O\
N
N, =
1+ exp (27 )
EN
U =
1+ exp( )
Using this we can also find heat capacity,
ou
Cn=|—==
! (aT)N
E
2 exp(—)
:NkB(k2T2> bt 2
B [1 + exp(,@%)]

As T — 0, the exponential decay dominates, and we have Cy — 0. When T" — oo, we find that
the exponential goes to 0, and so Cy ~ % This illustrates the energy gap behaviour. The
excited states are only going to be populated if the thermal energy starts to exceed the energy
gap, or kgT > F.

To find the probability of occupying an excited or ground state can be given by

p(n) = a

where n = 0, 1, representing the ground state or excited state. We can find €2, by finding {2 but
when N — N — 1 and N; = N; — n. Therefore, we have
Q(N - ]_, N1 - n)

Q(N, Ny)

p(n) =

4 Maxwell relations and energies

4.1 Maxwell relations

The Maxwell relations relate quantities that are hard to measure (such as entropy) to quantities
that are easier to measure (such as temperature and volume). In this section we will derive
these relations.

14



First consider the internal energy. Later on we will meet more types of energies and the way we
know what to use is through the independent variables. For instance we have

dU =TdS — PAV + poHdM + ...

The independent variables are the variables in the differentials. Furthermore, we usually see T’
and S go together in this way, and they are known as canonical conjugate variables. Similarly
for the other pairs. We can also write

oU U U
dU = (as) s + (av) dV+(a—M>vadM,

oU oU oU
=35 P==3v mol = 537

and so on. We can actually relate any two of them with each other:
or 0 (oU
(), [av (3s). .
o (oU
-[ss(w),
oP
-(3s),

Example 4.1. Consider a one-dimensional wire of length [ under some tension F. We have

which gives us

This is one of the Maxwell relations.

dU =TdS + Fdli.

Therefore

Example 4.2. Let us apply the Maxwell relations to heat capacities. We have

_(9Q _(9Q
o= (37), o= (57),
Using the second law we know 6Q) = T'dS so we can write
0S 08
Cy =T — Cp=T|—) .
v <8T) v : (8T> P

Now applying a partial derivative identity,
oS 08 ov
‘- T[(a—T) (o), Gor). )
oP
aer(3), (3 <>
P

15



4.1.1 Helmholtz free energy

The previous examples were micro canonical ensembles. Now let us consider a system immersed in
a heat bath and 0¢Q) # 0. We can control all the other usual independent variables. Furthermore,
we have traded over entropy for temperature since now entropy is no longer the independent
variable but temperature is. Hence we will be considering another type of energy, the Helmholtz
free energy F. It is defined as

F=U-TS

The second term is where the substitution of S for T occurs'. Let us evaluate the differential:

dF =dU —TdS — SdT
=TdS + oW —TdS — SdT
= —SdT + 6W
= —SdT" — PdV + poHdM + ...

Of course then we can relate this to

ar=(Gp) ar+ (5n) ave ()
or V.M ov M oM TV
giving us

oF oF oOF
o= ‘(a—T)V,M "= ‘(W)W ol = ‘(a—M)T,V

Then one of the Maxwell relations is

().~ lov(-5r)..,

4.1.2 Enthalpy

We still have a system similar to a micro canonical ensemble but we control S, P (instead of
V), and N. From the previous section we know we should use the Helmholtz free energy

H=U-—(=PV)=U+PV.

SO
dH =VdP + TdS.

!This is kind of similar to the transformation from the Lagrangian to the Hamiltonian, where we have
H=pj—L.

16



4.1.3 Gibbs free energy

Here we have U(S,V,N,M,...) as a function of the usual extensive variables. We get the
Gibb’s free energy of the system if we trade all of them for their canonical conjugates and leave
only N to be controlled. So

G(T,P,N,H,...)=U—TS+ PV — ugHM + ...

and the differential is
dG = —-SdT + VAP — uygMdH + ... undN.

4.2 QObservations

Deriving every single Maxwell relation can be tedious work. Let us look at a previously derived

relation for the one dimensional wire.
oT B oF
ol s ~\as l'

Note that (7, S) and (F,l) are conjugate variables and they appear at the same locations on
both sides of the equation. The sign is determined by the form of energy we use in the derivation
of the relation.

Example 4.3. Say we wish to relate % to another variable. The canonical conjugate of S is

B
T. So it would be something like
o
o5y _ (o
oM ] . or )
The canonical conjugate of M is pugH, so we have
08 0oH
oM ] . oT )

We need to find an energy with term +5d7 + pgHdM. The only one that satisfies this is the
Helmholtz free energy dF = —SdT + pugHdM. So in fact there is a need for a negative sign:

05\ OH
(anr), = (),
O

Example 4.4 (Application). Given an elastic rod under tension F' = (a 4 bT)(l — ly) and of
heat capacity C; = oT?, we wish to find the entropy S(7', L).

First, since both F' and S depends on 7" and [ only, we can write
oF oF
F=|—)dT — | dl
(o), (5 ),

83 83
= (Z)ar+ (=) a.
ds <6T)ld +(81)le

17



We know that C; =T (@)l. So we wish to find (%)T. We can derive a Maxwell relation

oT
(), () -

The negative sign again comes from the use of the Helmholtz free energy. Now we solve for the

equation of state. First from (g—;)l = oT? we get

S = 1@T3 + f(D).

3
this means 95 of
ORI
Thus b
f=—50-b)}+C
and so
S—laT3—é(l—l )+ C
E 2 0 '

5 Heat engines

Heat engines are devices that can absorb heat from a hot reservoir and convert some of that
thermal energy to work.

Hot reservoir
Ty

engine Qu  —Work

|

Cold reservoir
Tc

There are two large classes of heat engines, the external combustion engine (e.g. steam engine)
and the internal combustion engine (e.g. gasoline engine). However in both cases they usually
take both substances around a closed loop in the PV diagram. Since U is a state function, it
does not depend on the path taken and so in a closed loop AU = 0. This means

%dU:O:f&Q—%PdV.

If § PAV > 0, the engine does work on its surroundings. Then to maintain ¢ dU = 0, we have
¢ TdS > 0, i.e. heat is added to the system.

18



One of our goals will be to find the efficiency 7 of a heat engine. Efficiency is defined as
o Wout
Qul

From the above we find W, = ¢ PAV = § TdS = |Qu| —|Qc|. Therefore generally 5 = 1— 1%¢l

Qul"

Ui

5.1 Carnot cycle

The Carnot cycle is carried out by any substance that undergoes only isothermal and adiabatic
changes.

T
1 1
THi
/
TC””‘Q ‘2
| | S
Sa Sp

Figure 1: 1 — 1’ Isothermal expansion. 1’ — 2 Adiabatic expansion. 2 — 2’ Isothermal
compression. 2" — 1 Adiabatic compression.

Let us figure out its efficiency.

Wout = 515 PdV

- pras

= (Tg — Tc)(Sp — Sa)

The heat was added between 1 and 1’ so

1/
Qw = / Tds

1

Therefore

This looks like the general formula for n we derived above. However due to the second law of
thermodynamics 0Q) < T'dS this is actually more efficient and is known as Carnot’s bound on
the efficiency of heat engines.
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5.2 Stirling cycle

Below we illustrate a Stirling engine. The crankshaft keeps the cylinder and piston at a 90°
phase angle.

P
crankshaft
flywheel
piston AN

ideal gas " 2 ---------------- .

small air gap displacer
4 3 ~ T,
hot surface %4

Figure 2: 1 — 2 isothermal expansion. 2 — 3 isochoric cooling. 3 — 4 isothermal contraction.
4 — 1 isochoric heating.

Let us calculate the heat transferred. For 1 — 2, we have 6Q) = —dW and so

2 NkgT Ve
Qo = Wiy = / BB AV = NkpTyIn -2,
1 V Vi

For 2 — 3, we can express it in terms of the heat capacity,

Q23 = C‘/(TC - TH)

For 3 — 4 is the reverse of 1 — 2,

| Vi
= NkgTr-In— = NkgToln —.
()34 Bcnvé BCHV2

Similarly for 4 — 1
Qu=Cv(Ty —To) = —Q

The work done by the engine is thus
Wour = Q12 + Q34

and so the efficiency is
Nkp(Ty — Te)In
B N]{?BTH In % + Cv(TH - Tc)

Ui

The displacer also acts as a regenerator. It stores heat to be used in the next cycle. Thus in the
limit of a perfect regenerator, we have

N]{ZB(TH — Tc) ln%

Nk’BTH In %
= TH

which is the same as Carnot’s bound.

20



5.3 Refrigerator

A refrigerator it is the reverse of a heat engine. We put in work to move heat from a cold
reservoir to a hot reservoir instead.

5.4 Third law of thermodynamics

The third law states that at T" = 0 the entropy of a substance is independent of other variables
(becomes a constant). It is a result of quantum mechanics, the idea behind it being that at
T = 0, the number of states (2 is just the number of ground state the system has.

Example 5.1. Consider a hydrostatic system with thermal expansion

Prv\er),

We wish to find the behaviour of o as T" — 0. We want to relate (g—g) 0 with something else. It
o8

can only be (W)T‘ Therefore since we have the Gibb’s free energy as

dG = —SdT + VdP,

(o), = (@),

and so we see that o — 0 due to the third law. O

this gives us

6 Canonical ensemble

6.1 Derivation of the canonical ensemble

In a microcanonical ensemble, we consider an isolated system where energy E and number
of particles N were fixed. Most of the thermodynamic variables were found through relation
to entropy S. For large systems, the canonical ensemble is an easier way of calculating these
variables.

In a canonical ensemble, we consider a closed system where instead of controlling F, we control
temperature 1" instead. N is still held fixed. So we can exchange energy with a thermal bath,
but not particle numbers.

Let the system we are interested in be called A and the bath be called B. Heat can be exchanged
between them. The probability for the system to be in a given state x from the microcanonical
ensemble is given by

()

Qall

If A is described by continuous variables, say momentum p and position g,

Pr(z) =

Qa({pa, qa})Qp(consistent with {p,, qa})
Qau

Pr({pa,qa}) =
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In terms of energies, since the total energy FE is fixed,

Qa({pa,qa})(EB)
Q(E)

Pr({pa,qa}) =

In terms of entropies,

kgInPr({pa,qa}) = ke nQa({pa,qa}) + kg InQp(ER) — kpIn Q(FE)
=Ss+Sp(E—Es) —S(E)

Since A is in a given state, there is only one single configuration for A, and so Q24 = 1 and
S4 = 0. For the second term, we do a Taylor expansion about E (since most of the energy
comes from the bath)

0Sp(E
Sp(E — E4) ~ Sp(E) — 5}; )EA
Substituting,
dSp(E
kg In Pr({pn, qn}) = Sp(E) — gé )EA — S(E)

_ _%%A({m, qa}) + Sp(E) — S(E)

where J€ is the Hamiltonian. Inverting the expressions,

PE(pne ) = e5b |y Ha(lpn )| x|

SB(E) - S(E)]
kgT

ks

We note that the second exponential is constant with respect to system A. Therefore,

Pr({p,q}) o exp [_@LT%({]% q})}

Probabilities have to be normalised,

/Pr({p, q})dpy - - dppdg -+ - dgy, =1

where n is N times the number of degrees of freedom per particle. Actually, for the units to
match, since [p x ¢] = [h], or Js, so we should write

1 n
(E) /Pf({p, q})dpr -~ dppdg - dgy =1
The reciprocal of this gives us the normalisation constant. To write it out in full we have

exp(— 2 ({p.0}))

Pr({p,q}) =
P hinfexp(—,m%%({l?a Q})>d{p7 q}

Now, assume that although A is small relative to B, it is still large enough for thermodynamics
to apply. Then,

S(E) = S(U) = Sa(Ea) + Sp(Es) = Sa((Ea)) + Sp((Ep))-
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We can expand Sp(FE) about (Ep),

dSp(E)

Sp(E) =~ Sp((EB)) + OF
1 B

= Sa((Eg)) +

This gives us

Sp(E) — S(E) = Sp(E) — Sa((Ea)) — Sp((EB))

E
)
H({pa, E
ko Pr({pa,ga)) = ~22adal)y Bal g )
and inverting, we have
eXp(_m{g;&gA}))
Pr({pa, qa}) = RETS

S ECRE

So we get a nicer normalisation constant without the huge integral.

6.2 Partition functions

Another name for the normalisation is also called the partition function. For convenience, let
g = kB#T For continuous classical systems, as we have just seen,

1 2] 1 2]
_ [ L s _ s
ZN—/hfe dp. ¢} Pr({p.a}) = e

For quantum or discrete systems, it is similar,

1
In = Z e—ﬁEstate Pr(state) — Z_e—ﬁEstate

states N

We will see that as entropy connected to the different thermodynamic variables for the micro-
canonical ensemble, it is the partition function that serves this role for the canonical ensemble.

For instance, we have

(E) = hn‘%) ({p,a}) Pr({p, q})d{p, ¢}

Here is a little trick. First consider

YA 10 4y
a5 /hfaﬁe d{p, ¢}

= [ 40 apa)
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Now,

1 90Zy 1 e "
—_— = — d
7 08 i 7 {p,q}
1
= / e Pr{p. ah)d{p. a}
= (E)
It might be more convenient to write
0ln ZN

B — —
(B) =~

6.3 Energies

In the microcanonical ensemble we only had one fixed energy, the internal energy. In the
canonical ensemble the energy is not fixed, and it depends on what (F) is equal to.

First we have to determine what variables we are controlling in our system.

Example 6.1. If we control the volume, then (E) = U. More notable, in our derivations above,

if the system was large enough for thermodynamics to apply, then we can Zy = exp<—<Ek>B;TTS>.
This was derived without any additional assumptions regarding the system, so we can write the
Helmholtz free energy FF'=U — TS = (E) =TS = —kgT In Zy. O

Example 6.2. If we control the pressure, then (E) = H, and the Gibbs free energy is
G=H-TS=(E)—TS = —kpTln Zy. o

6.4 Applications

There are a few benefits to using the canonical ensemble versus the microcanonical ensemble. For
one, in the canonical ensemble the main variable of interest Zy is obtained through integrating
all of phase space d{p, ¢}, whereas in the microcanonical ensemble we have integrate over a
shell in the phase space.

The second benefit comes when we have a separable system, i.e. € = J€, + #€,. In this case,

Ho S,
exp(—pH€) = exp <_k:B_T) exp (_k:B_T>
Pr({p,q}) = Pr({p, a}a) Pr({p, a}s)
In = Lol

and so on. This is useful when we have a system made up of a number of similar but distin-

guishable non-interacting systems, where we simply have Zy = (Z;)". For indistinguishable

systems, to account for double counting, we have Zy = (Z]if)!N.

Example 6.3 (Ideal gas). We will consider an ideal gas in a container of length L,. Bohr
Sommerfield theory tells us that the momentum of the atoms p = % so 2p, L, = nh. Then the
kinetic energy of a particle is
2
* T om - 8mL?
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In all 3 dimensions,

8m\ L2 L2 L2 ‘
Then the partition function is given by

ny=1Iny=Inz=1
S h? n?\ AT h? n
=S (1) S e (75 1) > (i, i)

Typically, ng,n,,n, > 1, so we can replace the summations with integrals. We also approxi-
mately use an integral starting from 0 instead of 1. Hence,

> h? n? > h? n; > h? n?
le/o exp( o L2> dnz/0 exp( v L2>dny/0 exp( 8_mL_§) dn,

The integrand is a Gaussian function, using the fact that f 33 exp< )dx 1, we have
3
2mm
AR ( 5h2) L,L,L,

For a particle at a given temperature 7" and of mass m, the de-Broglie wavelength of the particle
is given by

h
V2mmkgT

So Z; = /\—V;, where V' is the volume of the box. Now, consider N identical particles, so we have

A\ =

3N
2rmkgT\ 2 1

At a certain volume the Helmholtz free energy is given by

o 2rmkgT el
h? NI

~ kT |Nn (V (M)

F = —]{?BT In

e

h2
r 3
N (2mmkpgT \?

= NkgT |In| = ——— —1

Recall that S = —(8—F)V. So

oT
N [ 2emhkpT\ 2 o ( 3

F 3
- 1+ °NE
T T gVhB

)—NlnN+N

S:—Nk?B
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Therefore from U — TS = I we get

2
as we expect. Next, recall P = —(g—)T. So
P NEkgT 0 (=InV)
= — —(—1In
oy
_ NkpT
Vv

O

Example 6.4 (Two-level system). We have a ground state of degeneracy 1 and an excited state
at energy E with degeneracy g. For a single two-level system,

7, = Z e BEstate

states

= ge‘ﬁE

Therefore the probability of being in a state is

6_6Estate
Pr(state) = 7
1
1
B m, for |0>
- ! f ited stat
s or any excited states
9P +yg

Now consider N distinguishable two-level systems, so Zy = Z~. The Helmholtz free energy is

F= —l{BTlHZN
= —NkgT I 7,

We have S = —(g—?)v SO

—Ege PF 1
S =NkplnZ, + NkgT —
pInzy + Nkp 1—|—ge—ﬁE( k‘BT2>

Ege PE N

= NkplnZ; + ———
B 1+1+gef3ET
Using U — T'S = F we have

_ NEge PE
14 gePE
= NE Pr(excited state).

Example 6.5 (Polyatomic gases). For a linear polyatomic gas molecule, we have

FJC = g + Hyip, + HCrot-
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Though there are three possible axes of rotation, we do not really consider the z-axis, and
we consider that as quantum mechanical spin instead of actual rotation. Recall the following
properties of the angular momentum operator L:

L2V, ,, = (1 — 1)A*Y,,,
Lz\Ijl,m == mh\I/l,m.

L2 L2 L2 . . . .
Furthermore we also have 7€, = i + ﬁ + ﬁ For a linear molecule L3 is effectively zero. With

a bond length of r, we have I} = I, = ur? where p is the reduced mass. Thus 7, = L%QZLE = %
The eigenenergies are thus l(l;rlll)hQ. The fact that the energy does not depend on m means that

there is some degeneracy. Since — < m <[, the degeneracy is 2[ + 1.
Let g = % The partition function is given by

. Zexp(_l(l ; 1)9R>

lm

= Xl:(zl +1) eXp(W)

7 Grand canonical ensemble

In the grand canonical ensemble, we not only allow for the exchange of energy, but also the
exchange of particles. The system is in contact with a particle reservoir characterised by chemical
potential 1 (and the heat bath has temperature T'). In many ways p is the direct analogue of T
it is a quantity that we get when two systems achieve equilibrium.

The energy of the combined system is composed of the energy of the system and the energy of
the reservoir. From dU =TdS + udN we have p = (g—%) 5 Total energy is hence

E = Ei,N + ,UNres

where F; y is the energy of the system in state ¢ with NV particles, and N, is the number of
particles in the reservoir. We express N, in terms of the number of particles in the system
N and the total number of particles Ny as Nyes = Niot — IN. Now 11Nyt is a constant energy
offset so we can just ignore it. This leaves us with

E = E;y — uN.

7.1 Grand partition function

In the grand canonical ensemble, the probability for finding the system in state ¢ and number of
particles /V is similar to the canonical ensemble

e—ﬂ(Ei,N—#N)

Pr(i, N) =

[1]] —
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where = is the grand partition function.

= is also the normalisation constant. So
5= 3 e By
i,N

= does not depend on i or N since we have already summed across them. It will be a function
of thermodynamic variables, usually p and T

Further simplification yields

EM,TV Z BuNZ —BE; N
N [
=> ZNZ(T,N,V)
N

where Z is the canonical partition function and z = e®* is a quantity known as the fugacity.

As an example, the probability of finding the system with a certain quantity of particles is

ZPHN E NZ(T,N,V).

7.2 Particle numbers

We perform a similar derivation as we did for the canonical ensemble and energy. Using the
definition of mean,

BuN 7
Z N Pr(N ZN—S
YonerNZ
Using a familiar partial derivative,
0 10=2 1
—InE=-— =) BNz,
ou Eop 245

Hence

7.3 Thermodynamic variables

In the canonical ensemble the thermodynamic variables were related to the partition function
Z directly through various energies. For the grand canonical ensemble, we will use an energy

called the grand potential
(T, 1, V)= —kpgTIn=Z(T, 1, V).

In the thermodynamic limit, the N we have is close to (V). Thus

In= = aneﬁ“NZ ~n (PN Z) =N +InZ
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Therefore, suppose we control V' and thus had FF =U — TS,

® = —kpTIne™™ — kpTnZ
=—u(N)+(E)-T5S
= F — u(N)
The interpretation of this is as follows. From the microcanonical to the canonical ensemble, we

exchange control of temperature for control of entropy and obtain the Helmholtz free energy.
Now we are exchanging control of particle number for control of chemical potential.

d® = —SdT — PAV + pdN — pdN — Ndp
= —SdT — PAV — Ndu

7.4 Applications

Example 7.1. Imagine two classical gases separated by a partition, call them gas 1 and gas 2.
They are at the same temperature, but can exchange particle number. Gas 1 has a potential
energy per particle of 0 and gas 2 has a potential energy per particle of V4. (This is a simple
model of different gases in the atmosphere.)

Particles will be exchanged until they reach the same chemical potential u. For gas 1,
& = F — puNy

where I} = —kgT In Zn where Zy = ZT{T where Z; = /\13 where X is the de Broglie wavelength.
This was derived for an ideal gas using the canonical ensemble so we will skip the derivation.
All together,
N-
D, = leBT<ln Vl)\?’ - 1) — uN,

N

where n; = 5

is related to the density. We have

()
%51 N, v

= kpT(Inni A3 — 1) + NiksT

Ny

= kT In nlx\‘;’
In general for an ideal gas = kT InnA3. We can also get a relation for n,

_ ieﬁ“.

=3

ni

For gas 2, we need to account for the extra potential:

CI)Q = NQ]CBT(III 712/\3 — 1) + NQ% — [,LNQ

(22
%51 N, v

= kBT(lnng)\g’ — 1) + Vo +

Again,

NokpT
N

= kT Inny)3 + Vi
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The expression for n, is given by

Fe

B(p2—Vo)

Thus in equilibrium, the densities of the gases are related by

ni

3
_ ﬁevoﬁ

) )\:1))

8 Quantum statistics

Bosons

Fermions

\11(7’1, 7"2) = \I/(T’Q, 7“1)
Symmetric states
Bose-Einstein statistics
Integer spin
photons, phonons, etc

\I’(Tl, TQ) = —‘I/<T2, 7”1)
Anti-symmetric states
Fermi-Dirac statistics
Half-integer spin
electrons, protons, etc

There are also composite particles that can be bosons or fermions. For example the sodium
atom with 23 nucleons and 11 electrons is a boson. The lithium atom with 6 nucleons and 3

electrons is a fermion.

8.1

Quantum statistics of two particles

If we have two particles in a box, using classical statistics we have

_4

Zy 5

(ze)

— Z e PE+E;

i#]

) + % Z e 2BEi

i

Assume the particles are fermions of the same spin, so they have anti-symmetric wave functions,
which means that two fermions with the same spin cannot occupy the same position (set r; = r5).

Therefore the partition function is not correct.

Z2 — Z e*ﬁEstatc

states

_ Z e P(Ei+E))

i#]
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Now assume that the particles are bosons of the same spin, so they have symmetric wave
functions. There are no restrictions on the position that the particles are allowed to take.
Therefore in this case

Z2 — Z e_BEstate

states

_ Z ~B(E+E) | Z ~28E;

i)

In general at a high temperature limit the first terms dominate, since it is more likely for
particles to occupy different states.

8.2 Quantum statistics of N particles

The occupation number n; refers to the number of particles that are occupying the i-th state.
We can try first using the canonical ensemble.

7 = Z e*ﬁEstate

states

— Z e PiniEi

{n:}
2ini=N

— Z (H e—ﬁniEi)
sy

This is an impossible sum to calculate.

We can try to remove the constraint on /N and use the grand canonical ensemble instead.

:Z —ﬁ;LNZ
_ZG—BMNZQ B iniEi

{ni}
>ini=N

_ Z Z B (u—En) ofna(p—E2)

niy n2

_ H (Z eﬁm(uEz‘)> _

[1]

8.3 Fermions

For fermions n; = 0, 1. Therefore

(1]

(3 o)
Il

B(u—E;)
(1+e ).

%
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We also have

10ln=
N) ==
(N) 5 0u

(p—E;)
58@211& 1+e )
ﬁeﬁuE
Zl+65“ Ei)
:ZQB(EZ'*N)—F:[

Since ) . n; = N, we also have ) _.(n;) = (N), which gives us the Fermi-Dirac distribution

B 1
(ns) = eBEi—p) 11

The Fermi energy Fr is p at T = 0. At T = 0 we can see that p is the point where the
probability of occupying a given state is % We will dive in deeper to the case of T' = 0.

We can describe metals as a free electron gas. We will assume an isolated system with N free
fermions. It turns out that the wavefunction is given by

V(T 5) = e (9

Periodicity in our lattice means that

—

V(7 + ng L,x +ny L,y +n,L,z) = V()

so the wavevector is

DO

- T 27r 27T

A

We want to find the density of k-states. Density is the number of states per unit volume. So

1 \%
D p— pu—
21 27w 27
Lo Ly L. (2m)?

21.2
Fermions will fill up the lower energy states from 0 up to Er = h2kF
kr. Thus the total number of fermions in this sphere is

4
N:ngwk%XZ

The factor of 2 here is accounting for both spin up and spin down states. Altogether we obtain

the following expression.

14 3
M= gal

1
The Fermi wavefactor is therefore krp = (3%2%) 3 from there we also have the Fermi energy

h2k2,
Er = 5.F.
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For a more general case, the number of states up to some arbitrary energy FE' is

4
NE:ngwk;?’xQ

3

V [(2m _\?2

=—|—=F
37?2(712 )

The density of states is thus

3
V /2m\2 1
:Tﬂ(ﬁ> Ez

The area under the curve D(F)(n) gives us N which is easier to calculate for T # 0 (we assumed
a sphere for the Fermi surface which may not hold for higher temperatures). A few interesting

quantities. Total energy:

Ep 3
E = / ED(E)E = SNEy
0

oU oF 2N
P: —_ —_— = — _— = ——E
(aV)N,S (W)N,S 5V

Degeneracy pressure:

8.4 Bosons

Let us consider photons. In a box, light exists as a combination of standing waves. These
standing waves are also called normal modes. Fach normal mode’s energy has two quadratic
degrees of freedom, associated with the electric and magnetic fields. So for £ normal modes, we

have
U=2 Z kpT.
k

If we assume that the modes are very close together, then we can approximate the sum as an
integral,
U=2> ksT
k

=2D(k) / kpTd*k

= Elﬁ;T///k’2 sin 0dkdfdo
T

= —k;BT/ k*dk
0

:LkBT/ wrdw
0

m2c3

Since we have & fo w)dw where u(w) is the energy density,

ksT
23(,4.)
mee

u(w) =
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This is what is known as the ultraviolet catastrophe. Planck “solved” this problem by supposing
that harmonic oscillator modes do not form a continuous spectrum of energy, but rather each
node has an energy of nhw. We have

0o
7, = Ze—ﬁnhw
n=0

B 1
1 — e Bhw

So the average energy of a single harmonic oscillator is given by

1 07,

B =70

huwe=Phw

e~ Phw 1
hw

pe

= hw(n)

where here we call (n) the Planck distribution. Notice how we got away with using just the
canonical ensemble. This is not a mistake, indeed, if we set u = 0 in the Bose-Einstein distribution
(nypp = m we get exactly the Planck distribution. This means that p = (g_ll\]/)s =0,
which in turn means that it does not cost any energy to create or destroy a photon.

Let us continue. First we are interested in the photon density % Again we apply the same trick

1 [ W
:7T203/0 eﬁﬁ“’—ldw
11\ [~ a?
:_23(—>/ T e
m2c3\Bh) J, e*—1
kpT\’
~0.24( — ) .
(5

Where we have made the substitution = fhw and dw = % to make the integral dimensionless.
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Now we move on to the energy density

_QZeﬁEk -1

v Ey 4
_4W3/65Ek—1dk

0 3
:K/ hck Qi

T2 0 eﬁhck -1

~ Vh [™ w3 d
w23 ), efw —1 n

h W3
- 7T2C3/0 ephw — 1dw

B 1\"[® 23
=— <—> / x dx

w23 \ph) J, e*—1
7T2(]€BT)4
15(hc)?

<l

which is also known as the Stefan-Boltzmann law. We also have

_h w3
u(w) = w23 efhw — 17

which is also known as the Planck spectral density.

We may also be interested in the blackbody radiation pressure P = — (gg) Since the modes
are all distinguishable, we have F' = —kgT2 ), In Z;. Furthermore we are given that Ej o V1 173
and so %@’“ = 1 E’“ . Then
p__(2F
v ),
0
- _ _ PE
- aVQk:BTZln(l ePPr)

35



9 Appendix

9.1 Partial derivatives

Some relations.

Ox Oy Ox Oy ox

— dx:a—y£dx+a—y&dz+$dz
1 9z0y0z
Oy 0z 0x

Let w = w(z,y, z). Then

gl

g

(5).
(@)= (@) (2),G).
g~ () ]~ [3:(3) ).

9.2 Equations of state

NS
g

We also have

Finally

We call a function S = S(z,y) iff dS is an exact differential. In other words, we can write

oS oS
(29 0 (5)

So work is not a state function.

Suppose we are given S = Adx + Bdy. How do we find the expression for S? First, we can

integrate A:
(3_5) iy
or ),
S = /Adx + f(y)
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Then, differentiate it again and equate it to B.

2= (5), =l 40+ 0]

Using this, we can find an expression for f(y),
of 0
— =B—-— | Ad
dy dy / !
0
f:/[B——/Adx}dy
Jdy

Then now we can integrate B and find the true expression for S.

sz/Adm+/[B—a%/Adm]dy

Example 9.1. For some gas, we are given

A_ (9P) _ NEg
-~ \dr ), V —Nb

s (0P\ _ _ NKT +2aN2
~\ov /), (V-Nb2 V3’

and that the gas becomes an ideal gas for large 7" and V', find the equation of state for this gas.

First, integrate A:

NKpg NKgT

P— T —
V—Nbd V — Nb

Partial derivative with respect to V:

+ f(V).

NKpT  Of

b v ﬂ:m*W

_ 0P _ 0 [NKgT
9V OV

Then we see directly that

of  2aN?
ov. . Vs
aN*>
=35 +C
Therefore we get that
NKgT  aN?
P= - C
V—-—Nb V2
Plugging in the given boundary condition, when 7',V — oo we need P = %, soC=0. ¢

9.3 Probability

Sometimes we simply cannot keep track of something because it is too difficult to do so, or
because it is inherently random. So we have to turn to probability.
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Given a random variable = and the probability density function p, we first note that p(zq) does
not give us the probability for x = xy. Rather, it is defined as

Priz; < x < xq] = / p(z)de.

xr1

We also have the cumulative probability at some point, which is given by

P(x) = / " p(e)d()

—0oQ
Furthermore, we also have some statistics. The mean is defined as

() = / Tapr)de (f(@) = / " f@)ple) da

—00

We also have the variance, which is the square of the standard deviation o:

0® = {(z = (x))*) = (2*) — (z)"
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